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PREFACE

N

Tt volume, designed as the first part of a complete\ ~
text-book on Trigonometry, is intended for use | ifr
the first-year classes in the Universities and 111‘ the
more advanced classes in the schools. Y

Tn the discussion of the general angle in Ghapter I
attention is drawn to the proper meth% of naming
the angle. In Chapter II the Circu unctions of
the gencral angle are defined by nieans of rectangular
co-ordinates. For the purposes of “Part T only a few
very simple formule in co-erdma,te geometry are -
necded, and these are gwen “at the beginning of this
oha,pter In the one oz fwo places later on where,
I connection wﬂsh a}lternatlve methods, a further
linowledge of the %nalymca,l geometry of the straight
line is assumedattention is drawn to the fact; if so
desired, these (parts may be omitted by the reader.

In Chapt@r IIT the relations between the circular
funotmg §'of angles which differ by a right angle or a
multigle of & right angle are established for the general
angl'e Chapter IV deals with the graphs of the Cir-

“enlar Functions, and the graphical solution of equations.
A The proofs of the Addition Theorems in Chapter VI
are valid for all angles. These proofs are based on
the theory of Orthogonal Projection, of which an ac-
- count is given in Chapter V. Chapter VII is devoted
to transformations of products and sums, summation

v
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of series and the solution of equations, and Chapter

. VIII to the standard klinear equation,

Triangle formula are discussed in Chapter IX, and

-~ the solution of triangles in Chapter X, special atten-
~ tion being paid to methods of arranging the caleu- ,

lations. The last two chapters are concerned with
heights and distances, and the properties of qugidri;\

laterals, ' O\
Large collections of examples, with answerg, are
given at the ends of the chapters. ¢O

It has been thought. hetter not to p}mt sets of
logarithmic and trigonometric tables,in the book,
a8 it is nsually more convenient fof/the student, when
solving problems, to work with“éeparate sets of tables.
The solutions of the examples-iven in the book are
based on five-figure tal{lea’}“'but, if preferred, four-
figure tables may be used. :

The authors desire™bo express their cordial thanks
to Dr. George Thomton and Mr. Albert Anderson for
their valuable dssistance in the work of proof-reading,
and, more, es cially, for their help in the arduocus
task of (;Pe}gking the answers to the examples.

e \d : T. M. M.
O~ _ " W. A.
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CHAPTER T

ANGLES; MEASUREMENT OF ANGLES; ARCH;
SECTORS :

§1. The Angles made by One Straight Line with Another{ )

Ler OA and OB (Fig. 1} be two fixed straight lines drawii
from 0. A variable straight line OP, with one end‘at 0,
which starts from a position along OA, turns aboutf Oin the
plane AOB and finally takes up a position aleng OB, is
said to describe an angle AOB, or an angle whish OB makes

with OA. Such an angle is repreaented IQ’ AOB or £ AOB. -
The revolving line OP
is called a radius vector.
QA is the initial arm
and OB the final arm
of / AOB. O

In describing /AOQOB_ %'
the radijug vector m
revolve in either sefise,
or first in one Xgense
and then in thé\pother :
all that is, dsseitial is O
that the jmitial position
should b&" along A,
and the-final position along OB. The order of the letters
i, the "symbol for the angle is of fundamental imporiance,
,tl;e ‘symbol s BOA representing an angle described by a
I‘ad.l!lﬁl vector in turning about Q from an initial position

\ along OB to a final position along OA, that is, an angle
whickh OA makes with OB.

Convention as fo Sign.—An angle described by a radius
veetor revolving in the counter.clockwise direction, that
is, in the sense opposite to that in which the hands of a
clock appear to move, is conventionally reckoned positive.

1

Fra. L



2 TRIGONOMETRY [oo. 1

An angle described in the clockwise sense is reckoncd
negative.

Coterminal Angles.—Angles which have the same initial
arm and the same finsl arm are called cotcrminal. Thus
the symbol /AQB may represent any onc of an infinite
set of coterminal angles, any two of which differ by a number ¢
of complete revolutions of the radius vector, that is, by
a multiple of four right angles. If o ia any selected angle
of this sef, all the angles of the set are given by\ the
expression w« -} (4n right angles), where # is zero o any
integer, positive or mnegative.

Coterminal angles havo so many propertxes\‘}n common
that it is usually unnecessary to specify sfhich particular

C

Q

&&™ .
angle ia repreénbed by the symbol /AOB. When no
amblgmty ig”likely to arise, the geometrically smallest
angle miay be taken.

Add;?’zon of dngles—Suppose that OA, OB, OC (Fig. 2)
arh\a,ny three concurrent and coplanar straight lines, A
fadius veetor, in tummg about O from the direction OA

Sto the direction OB describes /£ AOB; and, in turning,
' further, from the direction OB 4o the direction OC, it

describes / BOC. Binee its initial and final directions are
regpectively OA and OC, it deseribes in all £ AQC. Hence,
Jor all relative positions of OA, OB, OC,
LAOB 4+ /BOC = £AQC. . . (D
Again, if OD is any line drawn from O in the plane of
0A, OB, 0C, it follows from (1) that
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ZAOB + £ BOCYH £COD = fAOCH £COD = £AOD;

and the result can be extended to any number of angles.
Eguation (1} meang that, if to any one of the angles
represented by the symbol / AOB there is added any one
of the angles represented by the symbol /BOC, tho re-
gulting angie is one of those represented by the symbol
£ AOC, This holds for angles of any size and of either
Bign.

JBOC= /AOC — /AOB, N
which shows that any angle may be expressed as the dif-
ference of two angles which have a common jfiitial arm
drawn in any arbitrary direction in the plane)efthe given
angle, - \\

§ 2. Measurement of AngIes

There are two systems of measurefoeiit of angles which
are of importance, the sexageszma,l»a'nd the circular system.

Sexagesimal System.—In  the, sexagesrma.] gystem the
geometrical unit, the right angle, is subdivided into 90
equal parts called degrees. , Thus in one complete revolution
& radius vector describédn angle of 360 degrees. The
degree is subdivided. intd 60 equal parts called sminutes,
and the minute inta 60 equal parts called seconds. The
notation for thdso) unifs is made clear by the example
63° 547 l”, ,whmh represents 63 degrees 54 minutes 21
seconds,

This_sysbem. of measurement is used in most trigono-
met-ri\ valeulations.

Mmle 1.—Show that 23-72° = 23° 43’ 127, and that
48{ 177 297 = 48-2014°, approximately.
s Erample 2.—If OX, OP 0Q are in the same plane, and if

0P and 0Q mseke with OX angles « and — B, respectively,
show that /QOP == « 4 §.

£QOP = /XOP — /XOQ =a —{(—f=a | 8

Hrample 3.—O0P makes — 57° with OX and 153° with 0Q ;
OR makes 312° with OQ and — 45° with O3, sli these lincs
lé)s}i;g in the same plane. Find the angle which O8 makes with

Again, (1) may be written in the form .\
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1t iz given that /XOP = — 87°, £QOP = 153°; ~LQO0R
= 312°, /BOR = — 45°. .
Hence /X088 = /X0P 4 /POQ + ZQOR 4+ L RO3
= — B7° — 153" + 312° 4 45° since
2P0Q = — £Q0P,
LROS = — /BOR,
= 147°,

Cireular System.—Before the unit angle in the circulard
system of measurement can be defined, it is necessary o
consider the definition of the length of an arc of a cicelol
This definition involves the notion of a limit. « \

Limit of a Sequence—If a set of numbers N

Upy Ugs s+« oy Uy o oo L0
is arranged to correspond to the set of integers
L2,3, . onn. . sl

it is called an infinite-sequence or sizép}y a seguence, and is
denoted by (#,). The quantities w, . #,, ... are
called the elements of the sequemce. A sequence (u,) is
said to be convergent if thereds a number ! such that the
™ difference  betwecn

%, and ! can bhe
made as small as

) B we please by taking
¢\, n sufficiently large.
I%\ﬁ then said that the sequence convj.;rgesgto
g‘ke limit 1, or that w, fendsto I asn tends lo
P\ Janfinity. This may be expressed symbolically
by writing %, —>1 as n — oo, the arrow-head
~ denoting “tends to”; or by the equation
Law, =1, which is read °* the limit of %, when

Y w0
' n tends to infinity is 1.7

Fre. 3. Length of an Are.—Now let AB (Fig. 3) be
. an arc of & curve, and let P, P,, . . ., P, be
% points taken in order on the are. The length of the arc
AB is defined as the limit of the sum of the lengths of the
chords AP, P,P,, P,P,, . . ., P,B as n tends to infinity,
the length of each chord tending at the same time to zero.

) 3




§ 2] MEASUREMENT OF ANGLES B

TuroreEM.—If two arcs of circles sublend equwl angles af
their centres, they bear the same ratio to their radii. .2

Let AB and ab (Fig. 4) be ares of two circles whose centres
are O and ¢ and whose radii are R and r, respectively, such
that / ACB = /ach.

arc AB _ arc ab
R r
Tot P, Py, . . ., P, be n points taken in order on the

Tt is required to prove that

arc AB, and let the »n points p,, Pa, - . ., P, be so taken on \ 5

the arc a¢b that « \J

L 3
~

LA(JP - A@GPD LPICP = Lp]_c_’pﬂ) “ o \ ':‘
A/_Pﬂ IOP = L&l“‘lcpn

O v 4
It then follows.{fam the equality of / ACB and /ach that
/P,CB = Jih

Thus thé){riangles ACP,, P,CP,, . . ., P,CB are respec-
tively\{irt@ilélr to the triangles aep,, P16Py; « - - Palh: 80
th&t \

VAP, _ap PPy ppy. PuB_pd
R T B r TR’
\ )I‘herefore
AP, +PPy+. .. +P.B _ap+ppat. . -+ psb
R ¥ ’

Now let » tend to infinity, and let each of the angles ACPE,,
P,CP,, . .., P,CB tend to zero. Then the sum of the
chords AP,, PP, ., ., P,B tends to the arc AB, and
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P and @ ; and let the length of the are PQ, which subtends
ZAQB at the centre, be L
If now R is a point on the circle such that the arc PR is
egqual to the radius
/AOB  /POQ  arc PQ
Iradian /POR  arc PR’

since angles ab the centre of a circle are proportional to the
arcs on which they stand.

7'\
Hence d=— . . . . {3

r P
S

Thus the circular measure of any angle is equal to Ale ratio
which the length of an are of a circle subfehding that
angle at the centre bears to the radius of the Cirele,

Lengtk of an Arc of @ Circle.—Written m‘b{\? form I = r8,
eguation {3) gives the length of an arg'oFa circle as the
product of the radius and the numhee/of radians in the
angle which the arc subtends ab the centre.

Relation between Circular a.ml Sexagesimal Measure.—
Since the ratio of the wholes .c,]rcumferonce of the ecircle,
subtending four right angle§“at the centre, to the radius
is 2arfr = 2w, it follows that :

2m ra,dia,nsfa\= 4 right angles = 360°,
a radiahs = 2 right angles = 180°,
L zadians == 1 right angle = 90°,

and th at \l radian = 180

?‘e 4.—Show that 1 radian = 57° 17" 45", correct to
bhe #arest second.
Agam if D and 8 are respectively the number of degrees
~(ahd the number of radians in a given anglo,

3
D. 9
180 =7 . . . . {8

w

gince each member of the equation is equal to the ratio of
the given angle to two right angles, Equation (4) may

¢\
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be used to change from one system of measurement to the
other.

When no symbol of the sexagesimal system appears in the
statement of the size of an angle, it is undersiood that the angle
18 expressed in radigns. For example, the angle w, the
angle -5, mean the angles = radians and 0-5 of a radian, )
respectively, \

Ezample 5.—Express 37° 27’ in circular measure, and 1 4‘23'
radians in sexagesimal measurs.

From (4}, for an angle of 37° 27", O
8 3745
= 180’ I °
whenee C 9= 0-6536.% .m’\\'
" Also, for an angle of 1-428 radians, v/
) 1-428 b
W= (D

4
which gives D = 81-818. The a.ng[e is therefore 81° 497,
approximsately.

Ezample 6.~—Calculate the bngﬁh of an arc of a circle of
radius 7 inches which subtendﬁ an angle of 37° 27 at the contre.

.;.f The number of
Py N radians in 37° 27
= is 0-6536 (Ewample
8).

Hence, by {3},
the length of tie
arc is T X (6530,
or approximately
4-575 inches,

§3. Area of a
Sector of a Circle

Let the angle
AOB (Tig. 8) at
the centre of a
circle of radius r
contain # radians,
and let the length
Fia. 6, of the arc AB be 1.
Then I < 9.

* The symbol = means “‘is appreximately equal to,”
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Suppose that n points P,, P,, . . ., P, are taken in order
on the are AB, Then, if 8 is the area of the sector OARB,
the area 2 of the polygon OAPP, . . . P,BO tends to S

when » tends to infinity, each of the chords AP, P/P,, . . .,

P, B tending at the same time fo zero. Now the polygon

is the sum of the triangles OAP,, OP,P,, ..., OP,B.

Hence, if p is the least and P the greatost of the perpendi-
eulars from O to the chords AP,, P/F,, . . ., P,B,

AP, + PPy 4. . .+ PB) ST

< }P(AP, + PP, +. +P'B)‘

Now let » tend to infinity, cach of the chords API, }?‘1 A

, P, B tending at the same time to zero. Then s and P

both tend to r, and the sums within the brackets%end to .
1t follows that X must tend to ¥, so that \

S=wl=%% O, . &

S

¢ ’\..

The area of a sector of a cirele is thus equ to the ares of &
trianglo whose base is equal in length td the arc of the sector,
and whose altitude is equal to the radius of the sector.

The _complete circle may he cmmdered as & sector whose
angle is 27, Hence by (5) thesarea of the circle is =%, or
* Lrd?, where d is the diameter’

Example.—Calculate h\a,rea. of a seetor of a circle of dia-
metor 12 inches wh e\ang]e is 97° 19,
’Ibe number of r;S}Q.ns in the angle is 1-6985. Therefore,
v (5}, the area of the sector is

% ABEX 1-6085 or 30-57 sqnare inches.

N\ §4. Points of the Compass

On, a}nrcle on the card of the mariner’s compass 32 equi-
dmt&nt points are marked, ag shown in Fig. 7. The cordinal
og)ogms are North, South, Hast, West, denoted by N., 8., E,,
W, respectively. The points halfway between these aro
North-East (N.E.), North-West (N.W.), South-East (S.E.)
and South-West (8.W.). Midway between these 8 points

* Smce }# = 0-7854, this gives the blacksmith's mugh working
rule ; ** take four-ffths of the square on the diameter.” .
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3 of that point from the centre of the cirels,

'10. _ - TRIGONOMETRY [om, 1
" are the points North-North-East (N.N.E.), North-Nortl-

West (N.N.W.), ete., and midway between the 16 points
are other 16, North by East (N. by E.), North-East by
North (N.E. by N}, ete. The angle between two adjacent
points is sometimes spoken of as a point ; its value is I13e,
Bearings—H the card iz laid horizontally so that thes
line SN runs from South to North, the radius of the cireld

~ which is in the direction towards any point gives the beafisyg

is usually g_iven in' terms of the angle betwee

For example,
direction OP

veen ¢ gle 37° 14* with
OF s said to be 37° 147 north of east or §9° 44’ eagt of nc:Wr::h

These bearingg aré sometimes denoted by BE. 37° 14’ N
» the angular measurements being made
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from the direction which comes first towards that which
comes lash,

The beoaring is also N
frequently  measured
from the north in P

the clockwise direction,
Tor example, in this
system: the bearing : i )y
W. 17°N. becomes 287°, A
Longiude and Latitude. &
—"The earth is approxi- p 3
mately spherical in '\g.
shape. Let it be re- | -
gardod as a perfect
Fig. S\ \
NG

sphere. Let O, N, 8

{Fig. 9) be the centre of p¥4 )
the earth, the North Pole and the South\Pble respectively;
then 8N is the earth’s axis. Any sergiscirele with O as centre

=t
o
mn

and N and 8 as ite extremities is called aReridian ; for example,
X

N

NPMBS is the meridian
of the point P on the
The circular

’
&7

RO

e

ot

Fre. 9.

surface,
section of the surface
by the plane through
O at right angles to
the axis is called the
Byuator,

If the meridian
which passes fhrough
Greenwich cuts the
cguator in A, the
longitude of P iz the
angle AOM subtended
at the centre by the
are AM of the cquator
intercepted between
the meridian of
Greenwich snd the
meridian of P, the di-
rection, east or west,
from A to M being
specifiod.

The Iatitude of P is the angle MOP subtended at the centre
by the arc MP of the moridian of P intercepted between the
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sguator and P, the direction, nerth or south, from M to T
bel ecified. )

g‘fesllgtitude and the longitude of & point together define the
position of the point. :

Circles on the surface perallel to the equator are called
parallels of latitude.

EXAMPLES I

In Exumples 1-4 it is azsumed that all the lines are ingthig
same plane. . : N

1. If LAOB =65°, /BOC = —23°, 00D = 142™and
LDOE = — 165°% find (i) the .angle which OF mgakes wilh
OA, and (ii) the angle which OA makes with OB/ A\Apply an
approximate check to your results by drawing\ah accurate
diagram, setting off the angles by means of ‘a protractor,

Ans. ([) 29°; (i) — 29°%

2. If OB makes — 168° with OA, OA nakes 75° with OC,
and OD makes 107° with OB, find (i)\bhé least positive angle
which OC makes with OD, andXi#)’ the numerically least
negative angle which OA makes, with OD,

Ans, (i) 346° A N(H) — 209,

3. /X0A =30° /OABYEE — 105°, s ABC — — 34° and
L_Bk:}g}? — 136°. Find %o angle which (i) CD, (ii) DC makes
wit: . .

L6y —65°5 (i) 115°,

4, /XOA = AT49°, /O0AB = 27°, LABC = 58° and
£BCD = — 167\ Find the angles which AB, BC and CD
make with DX.

o Ams, 85; —57°; 1077,

5. Ex@?ess the following angles in cireular measure :

AE° 1975 () 34° 47 5 (i) 57° 167 ; (v) 116° 82"
\"\{‘V} 172° ; (vi) 325° 57’; {vil) 175 {viii) 1~
(N Ans. (3) 0092795 Gi) 0-60708;  (iii) 0-09949 ;

N ' : (iv} 203389 ; {v) 300107 ; (vi) 5-68890;

(vi1) 0-00029 ; (viii) 0-000005,

. ]{ﬁI;reTsl;ethfglloyving angles are given in circular measure.
M In gexegesimal meas
Conth of & s 11 8 ure,. correct to the nearest

i) 05 (H) 0-637i4; (i) 1-40891 .

V) BIT; ) gy o ﬁvﬁ 2.3268 .
Ans. (i) 28389, (i) 36°30.8'; (i) gso 529 ;
W) 179 70 (v) 77°8.67;  (vi) 418° 40.4,
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7. Find, to the nearest second, the time taken by (i) the
minute hand, (i) the hour hand of a clock to turn through

i radian.
Ang., (i) 9 mins, 33 secs. ; (ii} 1 hr. 54 mins, 35 secs.

8. Calculate the circular measure of the angle hetween the
hands of a ¢lock when the time is (i) 10 h. 13 m.; (ii} 10 h.
23 m.

Ans, (i) 2:2951; (i) 3-0281.

9. The acute angles of a right-angled triangle differ by 05, ("),
of a radian. Find these angles, correct to the mearest half\ ™
minute. « \

Ang. B59° 193 : 30° 404" N

10. Two of the angles of a triangle exeeed the th.irci:by 0-4
of a radisn and 1 radian, respectively. Find theangles of the
triangls, correct to the nearest higlf-minute. 4

Ans. 3%° 16%7; 56°117; 90° 33’@’.\ \

il. Find the angle subtended at the t;@j;}e’of a circle of
radiug 5 feot by an are 9 inches long. N\
Ang, BT 35T\
12. Considering the Equator a.g.tn.'.cirule of diameter 7928-7

iles, calenlate its eircumference.y ™
Ans. 24002 miles.

13. Caleulate the angle subbended at the centre of the earth

by & 10-mile arc of them%?luatar.
£ 8. 8§ 407

14. Calculate tlle\}angth of an are of the Mquator which
subtends an angle)ef 10° at the centre of the earth.
3"  Ans. 6917 milea.

15. Congidering the earth as a sphere of diameter 79133
miles, cgletlate the distance along a meridian from the North
Pole Q\a point in latitude (i) 55° 49’ N.; (i) 55° 49 8.

K Ans. () 2360-6 miles; (i) 10069-6 miles.

#\X6. Calculate the distance along a meridian from & point in
\latitude 28° 11 N. to (i) the Equator; (ii) the North Pole;
7{iti) the South Pole.

Ang. (i) 1946 miles ; (i) 4269 miles ; (iii) 8161 miles.

17. London is 343 miles from Glasgow. Find to the nearest
minute the angle subtended at the centre of the earth by the
line joining these towna.

73X

4° 58,
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18, Caleulate the distance on the earth’s surface betwecn

" two places on the same meridian whose latitudes are 43° 67" N.

~ and 25° 16° 8.

© minute ?

#

N

Ans. 47799 miles.

19, Caloulate the difference in latitude of two places, ono of
which is 350 miles south of the other,
_— Ang, 5° 4.

20. Assuming that the earth’s orbit is a circle of rading
85 X 10° miles, show that its speed is sbout 19 mllfag.\’ per

second. . \

21. How many revolutions per minute does & bigyele wheel
of diameter (i} 26 inches; (ii} 28 inches mak@ when the
eyelist’s speed is 10 milea per hour ? &

Ans, () 1283 (i) 120:08)

22. At what speed is a oyolist travelling)when the 26-inch
diameter wheels ‘of his machine ma{e"\lm revolutions per

Ans.  11-60 milegsq}aﬁ hour.

23. The pedal and the hub sprocket wheels of a fixed wheol
bicycle have 48 and 18 teethirespectively ; and the diameter
of the resr wheel i3 26 dnches. Calculpte (i) the distance
travelled by the bicycla for one complete turn of the pedals ;
and. (if) the speed of the bicyele when the pedals are revolving
at the rate of 75 reylrtions per minute,

Ang. (i) 18§€eb 2 inches ; (if) 15-47 miles per hour,
24. A train }m'}vels at 50 miles per hour on an arc of & circle

of radiug 4800 yards, Show that it changes direction at tho
rate of 21\“per second.

25, 8aleulate the ares of a sectar of o cirele in the following

Cases{ the first valus in each case being the radius of the circle,
&Qa,,aeeond the angle of the sector :

(i) 10 inches; 47° 93, (i} 7 feet ; 104° 327
2 .
(ifi) 25 ems. ;' g; (iv} 1743 inches; 29° ¢/,

(v) 3653 inches: 61° 55 ; (vi) 9-79 inches; -,
Ang, (1) 41-35 square inches ; (i} 44-70 square feot 3

(i} 6545 aq, oms. ; (iv) 56850 square inches ;

(¥) 721-0 square inches ; (vi) 64'52 square inches.
26. A sector of a cirelo whose dismeter s 13 inches is 1
In area to & sector of & circle whose diameter is 11711?:1:1?@? e?Fl?B
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angle of the first sector iz 125° 17/, Calculate the angle of the
second sector, correct to the nearcst minute.
Ans, 73° 16
27. Each of three equal cireles of radins » touches the other
‘two. BShow that the area enclosed between them is approxi-
matcly 0-1613 #%.

28. Caleulate the ares of & segment of a eircle of radiug 10
inches which iz cut off by a chord of length 10 inches,
Ang, 9-08 square inches.

N

#A

e
29. Two sectors of circles are equal in area, Their angles.

are 97° 447 and .82° 51'. If the radiuz of the first ix 5 feet;
caloulate the radius of the second. 79\
Ans, 5-431 feet. '\\

30, Find, to the nearest half-minute, the a;ngle of wsector of
a circle if the perimotor of the sector is equal, te (i) hali the
cireurrference, (ii) the circumference of the c;
Ans, (i) 65° 243 ; (i) 245° \gé}

31. The perimster of a sector of a mrcle of radius ¢ inches is
30 inches. Find the area of the seetor, ’and, to the nearest

minute, the angle of the sector, XN
Ans. 54 square 1nevh‘@s s T0° 240,

32. The perimeter of a sectdr: .of & circle of variable radius
r has the constant value p. . Show that the ares of the sector is
r{p — r}, and that the goctor has maximum area when its
angle is 2 radians, or, gPproximately, 114° 354",
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CHAPTER TI
THE CTRCULAR FUNCTIONS

§1, Rectangular Co-ordinates

Representation of Points on o Directed Line.—Lot X'oX
{Fig. 1) be a line extending indefinitely in both directiohis! -
One direction X’OX is chosen as the positive direction
and is marked by an arrow-head. A point O dn“the line
is selected as the origin, and a point A,, on’the positive
side of O, a8 the unit point, If distances AgAy Axds, « .« -
each equal to QA,, are marked off on thepositive side of O,
and distances OA_;, A A ,, . e%t}}:}n equal to A0,

« ad

. on the negative side of O, the complete system of integers

-3 -2 -1 o (NY 2 3
KI = A-; - AT: A-; 0‘ XY

 Fig)' L.

-

A A A X

.. =2 1,0, 152} 3, ... is represented by the
corresponding poingd™ . . Ay, Ay, O, Ay Ay Ay o
reapectively, _é};ry}other real number p is represented by
that point P ‘ef tho line which is such that OPjOA, = p.
Thus to eagh point on the line there corresponds one and
only ong z\’eal number ; and, conversely, to each real number
there corresponds one, and only one, point on the line. We
ta];e\’bAl to be the unit of longth, and then OP is of
wth p.

\Co-ordinate Aves—Now take two directed lines X'0X,
3 UY'OY (Fig. 2), intersecting at a common origin O, with

assigned unit points A; and B;. 'Through any point P
in the plane of these lines let straight lincs PM and TN
be drawn parallel to Y'OY and X'0X to meet X'OX and
Y'QY in M and N, respectively. Then if OM = =, ON =¥,
 and y are called the co-ordinates of P, & being the abscisse
and y the ordingie, and P is the point (z, y). X'0X is
called the w-axis, or the axis of abscissss; Y'OY the
16
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y-axis, or the axis of ordinates, To any point P in the plane
there corresponda Ya

one and only one

pair of co-ordin- N

ates; and, con- e
versely, to any B,

pair of eo-ordin-

atcs there corres- xo R ~ M ;
ponds one and only

one point in the A
plane. It should )
be noted that . \\
NP =2 MP=y, Fra. 2 Q)

the lengths and \
directions of these lines being the same 'asg\\those of OM
and ON, respectively. wi\v

in what follows it will be assumed thabethe angle XOY is
a positive right angle : the system of ‘¢o-ordinates is then
said $o be reclangular. It will hetassumed in this chapter
that the unit lengths OA, and ©B; aro equal.

The part of the co-ordinateiplane above OX and to the
right of OY is called the fitdt quadrant, the part above OX’
and to the left of 0¥ jq“tlie second quadrant, the part below
OX' and to the left'ef0Y" the third quadrant, and the part
below OX and to\the right of OY’ the fourth quadrant.
At a point in, the first quadrant x and y are both positive,
in the second quadrant & is negative, y positive, in the third
quadmnt..{?(;ﬁh are negative, and in the fourth z is positive

and y tegative.
Liries® Parallel to the Awes—For all points {z, ) on &
sttnight line parallel to the y-axis, x has a constant value,
“say. The equation & = g, which holds for all points on
NAhe line, and for no other peints, is cailed the equation of
the line. The line lies to the right or left of the y-axis
according as ¢ is positive or negative, while, if @ is zero,
the line is the y-axis.
Similarly the equation of a line parallel to the z-axis is
of the form y = &, where b is a constant.

2
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Lines through the Origin.—For all peints (x, ¥) on a line
through the origin, it follows from the properties of similar
triangles that the ratio of y to x has a constant value, &
say. If the line is in the first and third guadrants, % is
positive ; while, if it is in the second and fourth quadrants,
k is negative. The equation y = kz, which is satisfieds
by the co-ordinates of all points on the line (including
those of the origin), and by those of no other points, is\the
equation of the line, O

Clircles with the Origin as Centre—TFor all points (z, y)
on a circle with the origin as centre and radius\ait follows
from the theorem of Pythagoras that #® -L%*<= 2, This
equation, which is not satisfied by the ep-opdinates of any
other points, is the equation of the circls,

- §2 Deﬁnjtigﬁ.é1~\ _
Let X'0X and Y'OY (Fig. 3)\be a pair of rectangnlar
eo-ordinate axes, the unit of 1en;gth being the same on each,
and let a radius vector ofdasigth r start from a position
along the positive partcef the z-axis and turn about O
through any angle @ 3 %he position OP, where P is the
point (x, ). Thelength » of the radius vector iz always
positive, §
The ratios \{&O'Wn in the following table are called the

cireular funpiions of §, or the trigonometrical ratios of #:

. (Ratio. Name. Notation.
’\ z The cosine of # cos 6
y "\ & T
'\\ % The sine of £ gin @
% The tangent of 4 tan 8
-; The secant of # sec §
—; The cosecant of & cosec #
5 The cotangent of 8  cot ¢
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\o# the final direction of the radius vector.
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Note 1.—These definitions include es particular cases the
usual right-angled triangle definitions of the trigonometric
ratios of a poaitive scute angle. If 0 < # < 90°, = and y are
positive ; and, if M is the foot of the perpendicular from P to -
OX, /MOP = /XOP =48. Hence, from the above defini-

DEFINITIONS

tions,
cos MOP = % — adjacent side
" r  hypotenuse '
ey 3 i 2%
sin MOP =¥ — opposita stde, oto. K
. ¥  hypotenuse O
Y4 N
2 'g.
7
3
A
X ol &N° M X
:"‘<\
\\~}
A/
::\‘.0 !
"\'50
Fra. 3.

{
N\
,Nz:)l-\e 2. The cireular functions are independent of the length
@B ihe radius vector, and depend enly on tho value of 4, that is,
To show this, let
'/ XQP = ¢ == £ XOP, P’ being the point (z', y’) and oP
having length /. Then P’ must lie on OF or on or prfoduced.
Ilences, if M is the foot of the perpendicular from P° to the:
z-axis, the triangles OMP, OMP’ aro similar, OM and (_)M
have the same sign, and MP and M'P’ have the same sign.
¥y _* v y_y
=z =7
x

,
@ L&
Therefore = == -, 80 that — = —, x, otc.
oy ; rooo#
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Note 8.—Certain simple relations between circular functions
of the same angle follow directly from the definitions. For

example )
0 = 1 cosee&——i cot § = !
SOV = s @ ~gn § T ian ¥
tan8=sm8, cotﬂ:c.ose
cog & gin &

The cosine, the sine and the tangent, may be called the principal .
circular functions, their reciprocals, the secant, the cosge?rhn}‘
and the cotangent being calied secondary. O

Note 4—Bince * |z | £ v and |y | = for all valuet of 4,

jeos@] = 1, |sind|<I; (secd[2 1, [copecd [ = 1.

A There are no regbelepions on the
wvaluca of tans®land cot #: by
assigning an @ppropriate value to
8, sither ma,y%e made to take suy
real valugbrhatever.

Note, 8. >The values of the cir-
enlar fupctions of 30° and 60° may
be dgund by drawing the bisector

ADS (Fig. 4) of the angle A of

Y

g/l sait equilateral triangle ABC, to
) wytmeet BC in D, Then /ADB is
Fra. 4 A right, BD = D0 = {AB, and
16- & m{ therefore
\ P = ABR? — BD® = §ABY,
sothat AD = i2§AB.
Hence, fm{ﬁsihe triangle ADD,
:'“: °A—.’V_’..3.- 1 °—--1n £ L S l.
:"\@esso =5 sinB0° =55 tan30° = g,

A'§w cos 60° = = sin B0° = 22{-:—;; tan 60° = 4/3.

[

N ’ Bimilarly, from an isosceles right-angled triangle the results

"'\'“'0
cos 45° =L- gin 45° = X

Iz vi?

/ ten 45° = 1
are obtained.

Note 6.—The angle XOP is said to be an angle in the first,
second, third, or fourth quadrant, according as OP lies in the
first, second, third or fourth quadrant. From consideration of

* The symbol |« | dencles the numerical value of .
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the signs of # and ¥ it follows that (i) when & is in the firet
quadrant, all the vircular functions of § are positive ; {ii} when
# ig in the second quadrant, sin 8 and cosec @ are positive, the
others Ticgative ; (iit) when & is ‘n the third quadrant, tan 8
and cot § are positive, the others negative ; ({iv) when # is in
the fourth quadrant, cos f and sec § aro positive, the others
negative.

Note 7.—The way in which the circular functions vary as #
varies may conyeni-
ently be detormined Y
from Fig. 5, in which
/XOP =8, P is
on the cirele with
centre the origin
and radius unity,
MP iz the ordinate
of P, and Q iz the
point in which the
line QP mests tho
tangent to the cirels
at A {1, 0). From
the definitions, cos ¢
—OM, sin § =MP
and tan 8 = AQ:
and it is easy to
trace the wvariation

of theze sogments as A /
2 varies. im\ Y
The iollowin ’\w} Fia. 6.

table shows how the

prineipal ciroulag Yunctions vary as # increnses from 0 to 360°.
The arcow ﬁlop@g“ﬁpward maeans * inereasing ', sloping down-
ward © decréasing . The student should construct & similar
table for thésecondary circular functions.

N N
\\} l 0. \ PRRT R IR EC R L U P
Qooss . | 1 |s|olx]=rjal oprpd
sind . 0 Vs 1| ™ 0 || -1y~ 0
ian @ . . 0 | A | £w| A 0 A w0 A 0

Tt will be noticed that tan § has discontinuities when § = 90°
270°, or sny angle coterminal with eiher of these, 18
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valus * changing  sbruptly from + e« to — o« ; for all other
values of ¢, tan ¢ increases as # increases.

Similarly, cot: § decreases as 8 increascs, for all values of @8
except 0, 180" and coterminal angles. At these values cot #
is discontinuous ; ita valus changes abruptly from — « to - w.

Periodicityy of the Clircular Funciions—A function flz)
is said 4o he periodic if, for all values of 2, fiz + &) = flz),
where a is a constant known as a period of the functiona

Each of the circular functions has the same valyelfor
all the angles of a coterminal set, since the position\of P,
and therefore the co-ordinates of P are the ssme~for all.
Hence, for all values of 8, the circular fungtims of the
angles # 4- 360°, 8 4- 2 X 360°, 0 4 3 X360, . . . have
the same values as the corresponding fulic¢titns of #. The
circular funetions are therefore periodjeyhaving period 360°
or 2= radiang. As 8 increases from.Q’ to 360° any specified
circular function of § goes through a set of values in a
‘certain order ; ag @ increases from 360° to 720° or from
720° to 1080°, eto., or from‘,'% 360° to 0, or from — 720°
to — 360°, etc., the funchifm goos through the same set of
valaes, in the same ordérs

It will be seen later (Ch. IIT, § 1) that tan 6 and cot ¢
have the smaller péxiod 180° or «r radians.

. N The Fundamental Identity

 Rince_thedistance of P (Fig. 3) from O is 7, and the
triangleOMP is right-angled, then, for all values of 8,
22+ 4A=r, This relation may be expressed in three

fi m@éach involving only ratios of z,  and r to one another ;
JAamely

YOO OO
ond G =1+ G-

* This i3 & convenient, if somewhat looze way of expressing the
fact that as 0, dncreasing, tends to any of the values 90° - k. 180"
(k=9, =1, +2,...), tan # inereazes beyond bound, but &3

8, decreasing, tends to any of these values, tan @ decreascs beyond
bound. When ¢ hgs any of these values, tan § has no value.
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These give the three forms of the fundamental identity of |
Trigonometry : for all values of &,

cos? @ - ain? 8 = 1, . . . {1}
sec? 8 = 1 + tan?0, . A
cose® § = | 4- cot? 4. . . 3

The symbols cos?® 8, sin? 9, otc, are used to denote the
sguares of cos 4, sin ¢, ete., in order to avoid the cumbersome
notation {(cos #)4,* (sin )%, ete. A similar notation wiil be( \
used for higher powers. 2N

Identitics.~—A trigonometric equation is an 1dent;t,y if
i is true for all values of the angle or angles involved.} A
given identity may he established by reducmg“é&ther side
to the other, by reducing each side tc the same cxpression,
or by any convenient modification of these\thethods,

Ezomple 1.—Establigh the identity ¢ O
tan 8 4 cot & = secﬂcasecﬂ.
> eos 8

mne+Mt8=cos€+sm6

am”&-i—cos”&
,; * coa f sin §
1
= o5 fam o Y
P = gaec § cosec 8.

Hramplo 2—E-fablih tho identity
(sec A — cos A N {cosec A — sin AY — (cot A — tan A)®F =
The left mde &/ poe? & — 2 4 cos? A -+ cosec? A — 2 4 sin? A
—cot? A 4 2 — tan® A
= {pos? A + sin® A} 4 {sec® A — fan® A)
"\‘ + (cosec® A — cot* A} — 2
’\\.. =1
Sll’lﬂﬁ by the fundamental identity, each of the expressions in
7hrhckets has the value 1.

\: " Ewumple 8. —Establish the identity

2agn o _ 1 —cosmtsina
1 +cosa4smna 1+ sine

The identity will be true if

_*The symbol cos 6° means the cosine of the angle whose measure
is
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2ain e {1 4+ sin a) = {1 4+ sin «)* — cos? o. - {a)
The right side of {a) = (1 + sin &) — {1 — sin® oc)

= {1 4+ sin &){1 4 sin &« — 1 4 sin &)

= Zgin o {1 4+ sin «).
Hence (2) is true, and therefore the given identity is true.

$ 4. Elimination
Suppose that two eguations are given, each involving

an angle, « say, and other variables. The process( of
forming from these equations a third equation, true Jf\they

are troe, and independent of «, is described as Chmﬁ’l&tmg
« between the equations. The new equation 15\ cofled the

ehmamnt $ &
- If from the given equations it is pn%blbie to derive a
pair of equations of the form cos & = p\din o = ¢, where

P and g are independent of a, the &h&nnant Pt gt =1
is piven at once by (1). Slm:larly\t‘he second and third
forms of the fundamenta) identity'give the eliminant when
the given equations reduce to the forms sec o = &, tan o=k,
or to cosee & = m, cob & =N

Again, if the given equﬁ.tmns can be combined so as to
give the value of one ofithe circular functions of «, it may
be possible to exprehs one of the given equations, or a
derived equationgentirely in terms of that circular function.
The :'elimhl&nb\kthen obtained by substitution,

Example ~1;—'—Elimina,te o between the equations

v:--2casoc—smoc, ¥ = COZ o — 3 sin «.
The'sq -equations, when solved for cos « and sin o, give

Y coso = {3z — y), sin o = 3z — 2y).
\Therefora, by (1),

. ':; ds(3 — )" + 3z — )t = L,
* or 2zt — 2zy + y® = 5.

which is the required eliminant.
Ezample 2.—Eliminate 8 between the equations
geosd + yain @ = a, ZEin# — yeos d==b

Sguaring both sides of each equation, and adding corres-
ponding sides of the new equations gives

(@* + y?)(cos? 8 4 sin® 8) = a® 4 b2,
o ¥ 4y =at b

@
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Example 3.—Bliminate # between the equations
(i) wgec § = 1 — y tan &,
(ii} w2 sect # = 5 1 y° tan® 0.
From {i}, 22 sec? @ = 1 — 2y tan & | y® tan* 8.
Ilence, from (i), 1 —2ytand =5, or tan § = — 2/
Tn {ii} put 1 -+ tan® 6 for scc® # ; then substitute — 2fy for
tan 8. This gives
a1 + 4/y?) = 5 + ¢, A
or atyt + 4x? — Gy = 0. )
NS ©
$ 5. Expression of any Circular Function in terms of any other .

Any cirenlar function can be expressed algebraicallyy in
terms of any specified circular function of the samg-angle.

Example 1—Express the other cireular functions of 6 in
terms of cosec §. .\\,‘
$

7

Yot ¢ = cosec @ 'Then sin # ={—}. AR\ |

From (3), cot? @ — ¢ — 1; thorefore cobd'— = / {¢* — 1).
Ve )
—,

From (1), cos* @ =1 — clz; therefgt:é"bos 0= =

R Y

N
Hence t&nﬂ—m—ivé_l),
A~ c

and sec § =

—

—

eos § :7}& et — 1)
The ambiguity inSign in all
these cases excapihthe reciprocal
arises from the jfdcfPthat the as-
signing of a Hefinite value ¢ to
cosee @ does,oepfix definitely the
quadrant j ;%h_ich ¢ lies. Ifcis Je?-1
positivenfanay be in the first or Fig. 6.
in thel#®econd quadrent: in the
formen ase the plus sign applies, in the latter the minns, If ¢
ismegntive, § may be in the third or in the fourth quadrant: in the
“former case the plus sign must be taken, in the latter the minus,

" In the above example the results might have been ob-
tained quickly by means of the following convenient working
rule, which can easily be modified to suit other cases.

Sketch roughly a right-angled triangle (Fig. 6) and labsl one

of the angles 8. Label the hypotenuse ¢ and the side opposite
to § unity, so that cosec 8§ = ¢; then the remaining side musf
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be 4/(c® — 1). The values of the other cireular functions of 8
can then be read off at once from the diagram, the 4 sign being -
faken with +/ (¢ — 1). )

Approximate Construction of Angles when one Civeular
Funetion is given.—Lhe approximabe construction, using
squared paper and a etraight edge, of the angles for which,
a given circular function has a specified value, forms a\
useful exercise on the definitions of the cireular funcliong: '

Erample 2.—Using ruler and squared paper, con-qi,rubt the
angles whose secants have the value — 97/72. a

Let /XOPF be one of the required angles, OF hévuig length
rand P being the point {z, ¥).

Then sec XOP =L = —?z.t

bz 2
Now r may have any positive valuc ; Mor convenience take
t = 97, whence = — 72, The or }e of P is then found _
from the equation z? 4 y* = r?, whléh gives

wt={r +afr —x)= 2§ X% 169, or ¥ = =+ 65,
There are thus two possible pesitions of P, namely
P— 72, ﬁ5).-iﬁd Py — 72, — B3),
If a suitable unit is chosen and the points P,, P, plotted and
joined to O, then /XOP)and £ XOP, are the required angles.

§6. On the. YJse of Tables of Circular Functions

Th will be h.g\sumed that the student has at his disposal
tables of lggarithmic and trigonometric functions, and that
he is famﬂlar with the use of the former. The examples
in this, book are based on five-figure tables in which the
ci_reiglar functions and their logarithms are tabulated for

\plos at 6’ intervals, with mean differences at intervals

\vof 175 bud, if preferred, four-figure tables may be employed,

% with, of course, a corresponding deerease in the acouracy of
"\  the results. Tho tables of moan diffcrences for the cir-
{ cular functions and their logarithms are to be used in the
same manner as in tables of logarithms, apart from the
following exceptions, which should be carefully noted.
Bince, for angles between 0 and 90°, the cosine, the cosccant

and the cotangent, and their logarithms, decresse as the
angle increases, in using the tubles of these functions mean
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differences corresponding {0 an increase in the angle should
be sublrocled.

The following examplos illustrate the methods of reading
from the tables:

Ewampls 1.—From the tablos find sin 29° 44’ and cot 57° 227,

Trom the tablo of sines, sin 297 49 = 0-49548, and the
corrosponding mean difference for 2 is 0-00051. Thereiore A\
sin 20° 447 = 0-49597. R\
From the imble of cotangents, oot 57° 18" == 0-64199, andy hy
the corresponding mean difference for 47 is 0-00164. Thofe™
fore A
cob 57° 227 = 0-64035. ' "

Ewample 2.—Find from the tables, for the rangs fed 0 to
00°, (i) the angle whose cosine is 0-321563 ; and, {iipthe angle
whoge secant is 1:34722. 4 .“\

(i) The given value of the cosine = 013\2153.

From the cosine table, eos 717 18" & {(-32061.
Nifterenesd, = 0-00092.
The nearest mean differaiice = 0-00083,
which eorresponds to 8. &Y
Hence, to the nearest minute, 0332153 = cos q1° 14

{ii) The given value of the/secant = 1-34722.
From the secant talle, wec 42° 0 = 1-34583.
, ¢\ Difference = 0-0015%.
The neare}pq\nea-n difference == 0-00145,
which corresponds tiyd".
= sec 42° £

‘Henes, to the xi‘ea;rest minute, 1-34722

BEzample 3}—“— Tind from the tables (i) the waloe of
log cosec 42T ; and (i) the angle hetween 0 and 90° the
logaritkn ef whose tangent is 0-51957.

i) Es:&n the table of logarithms of cogecants,
A\ log cosee §77 24° = 0-03470,
L (" endthe corresponding mean difference for 3’ = 0-00016.
\ Y- Therefore log cosec 67° 2T = 0-03454.
(ii} T § represents the required angle, log tan § = 0-519517.

From the teble of logarithms of tangents,
log tan 73° 8" = 0-51738,
D Ference = 0-00219.
The nesrest mesan difference = 0-00232,

which eorresponds to 5.
Hence, yo the nearest minute, § = 73° 117
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After some practice in reading angles from the tables .
correct to the nearest minute, the student should practise :
reading angles eorrect to the nearest balf-minute, taking
half of the mean difference for one minute as the mean
difference for a half-minute. For imstance, in Feample
2 (ii), above, 000159 exceeds the nearest tabuiated dif:{
ference (0:00145) by 000014, MHence, as the difference
corresponding to 1 iz 0-00018, the required angle g0
the nearest hall-minute, 42° 41, )

\

Tt will be noted that in some of the trigonomotricddbles there
are certain ranges of the angle for which, owing 4o the rapid
increase of the mean differences, these are not tabulated. In
using these parts of the tables the methodiBhown in the two
following examples can be used, it being\dsfumed as an ap-
proximation that the change in the fun?:l%m is proportional o
the change in the angle, when the latter-change is small.

Ewxample 4&.—Find tan T1° 20/, NV

tan 71" 18" = 2.05437.
A From the table of tangents; fon 71° 24’ = 2.97144.

Hence the difference for 884z 0-01707.

Therefore the differencejor 2°is § X 0-01707 = 0-00569.

Thus, tan 71° 20° = 2405437 4 0-00560 = 2-080086, approxi-
mately. A

This process w:il{}seldom give accuracy to the fifth place of -
decimals, Tlga(;valhe of tan 71° 20, correct to five decimal
places, is 296001

Ezample(55—Find from the tables the value of # for which
ten § = %‘17545.

(%o 72° 30 = §-1 .
Otan 6 = 317544 Difforence — 0-00386.
\;E[lao tan T2° 36° = 3-19100 ; difference for 6 = 0-01941.
N\ 'Hence = 72° 30" 4 580 g
& 30+ S X 6
A =72° 31,

A
\ W™

§7. Simple Trigonometric Equations

An equation involving circular functions of an unknown
&ngle., which iz not an identity, may becoms true when a
definite value, or any one of a set of values ig assigned to
the angle. Such a value is a r00f of the equation, and the
roots of the ‘equation together form its solution. ,
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At this stage it is instructive to consider a few trigono-
motric equations of simple type, which may be solved with-
out the nss of any formula other than possibly the funda-
moental identity.

The following standard results follow very simply from
the definitions of the circnlar functions, Here, and in
similar cases, n represents zero or any integer, positive or

negative : L\
It cos @ =0 ., O
or if cot § =0f - §=drtmm . ) {4{
I sin @ =0 PN
or if tan 8 = 0)° §=mnm . : \‘ (6)
if cos ¢ =1, = Znm, \
if cog 8= — 1, 0=mn4 2nn, ) (6)
if sin ¢ =1, 8 = &m 4 2naf ’
if sin @ = —1, 8= 3r $2n.

E’mmpfe 1.—8olve the equation 2 coseaﬁ =3 4 2sin 4,
The eguation, expressed entirely i m terms of sin 8, gives
2

P =3 —k 23111 8,
or 2+3§ln6+2sm26,
provided that N\ ¥4

¢\J

sin # + 0.
. N\
This quadratic equg-\

tion insin ¢ 1edue@§3tgg
{28n 8 — 1} WO
X (sin 0 p Bk 0, L v i

which gWQS\ &

S }
or am g = — 2, X' M, o) ™M,
Enm?e jein | = ’

‘e walue of 4 can be
‘ound for which ain ¢
= — 2
Taking sin 8 = §,
draw & rough sketch
(Fig. 7} showing the Yl
possible directions of
OP i /XOP =3 Fie. 7.

)’
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By definition sin 4 = g, where y is the ordinate of T, and OP

has length . Therefore, in this case, Y= —;
then y = 1, and P must therefore be one of the points, P, and -
Py, in which tho line y = 1 meets the circlo with centre (O and,
radius 2; £XOP, and /XOP, thus satisfy the given cquation

Now, it M,P, and M,P, are the ordinatus of P, und P,athg*
angles at O in the triangles OM,P,, OFP:M, are 30°. Honbe, *
£LXOP, = 80° 4, 360°, LXOP, = 150° 4 n . 360% wwhére
n==0, 1, +2 ...; and the solution of the i ttion I8
8 = 30° + . 360° or 160° + n. 360°, none of ¢hesy angles
violating the restriction sin 8 + 0, AN

Erample 2.—Solve the equation - N

25in% 8 + 50088 4 1 0

Since by (1) sin® # = 1 — eos? # for allwdlues of g, the given
equation can be expressed as g quadr:

Choose r = 2;._=

abic equation in eosd, -

namely v x\
2c05" § — Beos A8 — 0,
This gives cosd =3 ar ™ cos 8 = — 3,
¥ JONT Bince [eos 0[5 1,
N\ no value of § ean he

found such that cos @

Teking cos 6§ = — &,
and proceeding as in
Ezample 1, wo get

x 1

- = — —, B 2;
> 3 Let » _
then == — I, and the

golution of the given
equation consiziz of
ZXO0P; and /XOP,
(Fig. 8), where P,, P,
are the points in which

theliner = — 1 mosts
Yl the circle 2 4 »2 = 4.
Fig. & If PP, culs the

x-axis in M, the apgles
at O in the triangles

OP,M, OMP, are 60°. Therefore the complete golution of the

given equation s
# = 126° L p . 360° or 240° 4 n. 360°,
where % = 0, = L 2, ...
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Ezample 3.—Solve the equation & cos? # 4 sin dcos # = 2.

This equaiion may be expressed as a quadratic equation in
tan § by dividing both sides by cost ¢ and applying (2), or by
writing the right-hand side as 2 eos® @ 4- 2 sin® 8, which by

{1) iz cqual to 2 for overy valua of 8, and then dividing by
eost 8. ‘The frst process gives, ifcosd =0,

5 4 tan § = 2 zec? 8
= 2(1 + ten® ),

ar gtan? 8 —tan § —3 =0,
whenee tan = — 1 or tan 8 = .
Draw rough diagrams (Figs. 9, 10): .\

YT )

o

N\

SN A

X:/.

P,
Y.
y Fia. 10.
)
{i)\&”é =—1= g. If P, and P, (Fig. 9} are the pointsin
vhi h the line y — — x meeis any cirelo with centre O and

:I%d‘fus r, then /XOP, end £XOP, satisfy the equation.

\Tn the diagrar the angles P,OM, end P,OM, aro 45° ; hence
2 — 135° + . 360° 0r # = 3818° +-n. 180°, (ombining these
into one expression, we have g — 135° 4+ n.180°% n =10,
1, £2,, ..

(ii} tan 8 = g = g In this case PP, (Fig. 10) has cquation

¥ =g:c. The positive acute angle XOP, is found from the

N
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table of tangents to be 56° 184, correct to the nenrest half.
minute. Hence § — 58° 18} +5n.180°% 0 =0, = 1, + 2

1 I g v ow e

Thus, the complete solution of the given equation is
¢ =135"+n.180° or &6° 18} + = . 1507
where n =0, + 1, 4 2, ... None of these angles violates

the restrietion cosd + 0, \

From the above examples it will be evident thaitsghe
process of solution consists in first reducing thod given
equation to one or more of the simple types in which the
value of a cireular function is given explicitiyyiatd then
finding by means of a rough diagram, usingZables where
necessary, the angles which satisfy these simple equations.
At a later stage the process can be cortdanged considerably
(Ch. III, § 3). The student should af ‘this stage solve soms
of the equations in Examples 111, 925,

$

EXAMPLES I

1. Verily the following zefitlts in which ¢, s, ¢ ropresent
¢os 8, sin § and ten §, respectively :

() cos = xRA1 — " = & 1/4/(1 + ) ;
(i) 8In 0 =t /(1 — 02) == 3 £/47(1 + 22) 5
Uit} tan 0 E\E /(1 — ef)fe — 1 9/4/(1 — 7).
2. If sin 8 =,L 17, ind the values of cos 8 and tan ¢ when
&is in (i) the ‘bh\fs'd, (i) the fourth quadrant.

Ans. (i) €08 8 = — /(51)/10; tan 9 = 7/+/(51) ;
()7 G) cos 0 = y/(51)/10; tan 6 = — 7/4/(51).
3. ;Q(gos # = — 3/5, find the values of sin § and tan & when
a ig\ inXi} the second, (ii) the third quadrant,
\ Ana. ) sin 6 = 4/6; tan ¢ = — 4/3;
A

&

(ity sin 0 = — 4/5; tan § — 4/3.
- o8Y 4 Tf tan @ = 42, find the values of cos ¢ and sin 8§ when
WY fisin(i} the first, (ii) the third quadrant.
\ ) Ans, (1) Cos # = 4/(3)/8; sin ¢ — /(673 ;
(i} cos g = — V{8)/3; sin § = — 4/ (6)/3.
b Iftan @ = — 2 fing the valuos of cos # and sin 8 when ¢
18 in (i) the second, (i) the fourth quadrant,
Ans, (i) c0s8 = — \/(5)/5; sin g — 24/(5)/5 ;
() c0s 8 = v/(5)/5; sin § = — 2./(5)/5.
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6. If sec # = 3, find the values of sin § and tan @ when 8 is
in (i} the first, {ii) the fourth quadrant.
Ans. (i) sin § = 24/(2)/3; ten d = 2.4/(2);
(ii} =in § = — 24/(2}3; tan = — 2+4{2).

7. T coses 8 — — 25, find the wvelues of cos # and tan @
when 8 is in (i) the third, (i) the fourth quadrant.
Ans. (i) cos 8 = — v/(21)/5; tan § = 24/(21)/21;
(i) cos & = y/(21)/5; tan 8 = — 24/(21)/2L. \
8. If = is the smallest positive angle which satisfies the . ~
equation 12 tanx + 6 = 0, calculate cosz and sin . « \,
Ans. cosz = - 12/1%3; sinwx = §5/13. N
8, The angle A of a triangle ABC is given by the egudbion
Scos A + 2 =0. Find the values of sin A and tag/AN
Ans. sin A = /(5)/3; tan A = — V(B&V

10, Find the values of cos § and sin 0 when/ai’s — 2

Ans. cosf = % 2 sm 3=\¢ ———b—w

Via? + %)’ W W +/(at 4 b%)
11. Find the values of sin ¢ and.fm;I 8 when eos 8 = %
Aps. sin® = x V(g — pg% tan # = x {g@®—-pA/p
12, ¥Find the values ofm %0 and tan § when sin § = %‘
—_ 2 1 gnt . — 2__.ept

Ans, cosd = + <Q§, m¥)/n; tan 8 = & mfy/(n?—m).

13. Find thevaliesof cos # and sin ¢ when tan § = %?L_;_PTD.
N emp1 L et ]
Ans. '3"{)}{“_"*2%’—{—21%—1—1’ Sma‘i%’-{—zn-l—l’

2N\&

4 3 . mﬁ — ns
14’.'}%&& the values of cos 8 and tan § when sin § = e
™ 2mn m? — n?
08 Ans, eosfd =% ; tanf =&
O mt + nd

2mn
N\ “ 15. If 0 < § < }= and tan® § = bja, where a is (i) positive,
(ii) negative, find the values of asec & + b coseo A,
Ans. (i) (o +b9F; (i) — (af + Bt
. 16. Using squared paper and a ruler, construct the angles in
the following cases. Measure the angles with a protractor,

-a.n‘gll check your construction by reading their values from
tables :

3
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{i} The angles whose cosines have the value % ;
(ii) the angles whose sines have the value — & i
(1ii} the angles whose tangents have the value — 3¢ ;
(iv) the angles whose secants have the value =4
(v} the angles whose cosecants have the value $1 ;
(vi) the angles whose cotangents have the value $2.

Ane. (i) 67° 237: 202° 37,

(i} 208° 4’ ; 331° 56'; O\
. (i) 136° 24’ ; 316° 24’; AN
(iv) 102° 417 ; 267° 19’3 |
(v) 71° 5°; 108° 55'; N\
(vi) 10° 23’; 190° 23, /5

&
17, Find from the tables the values of “‘\
(i) cos B° 35"; cow T4" 267 ; cos §WONT’
(i) min 17° 52" ; sin 44° 167 ; sin\8%° 317
{iif) tan 10° 10" ; tan 45° 7’ ; fanr 79° 28’ ;

-

3

- (iv) sec 22° 13’ ; sec 51° 4573 w0 81° 197 ;
(v) cosec 25° 14’ ; cosec H8% 44’ ; cosee 82° 35

(vi) cot 20° 39" cot 48”97 ; cot 77° 53"

* Ans, (i) 0-99526570-26836 ; 0-03868 H

{ii} 0‘3.0680 ; 0-69800; 009542 ;

(iii) Q'L'1933 ; 1-00408 ; 5-37805;

(ivy 1°08019; 1-61526 ; 662369 ;

v)'2-34573 ; 1-16992 ; 1.00844 ;

,im(t i) 175675 ; 0-88110 ; 0-21469,
18. Find £ the tables, correct to the neareat half-minute,
the values, of the angle 8, between 0 and 80°% in tho following

CBZES 1

(V) eos 8 = 061868 ; (i) sin § == 0-49354 ;
(i) tan 8 = -75240 ; ({iv) sec 8 — 2:07486 ;
(NY {¥) cosee § = 132959 ; {vi) cot § = 1-21643.
\\~ Anms. () 51°47'; (ii) 29° 3417 5 (i) 36° 573
3 (v) 48° 48}’ (vi) 39° 251",
Establish the identities in Ezxamples 19-50 .
19, cos® A —sin®A = 2cos2 A - 1 = 1 — 2s&inz A,
20. cos® A —costA =gin® A sint A,
21. cot @ — ten 9 = ssc £ cosec 6{1 — 2ginz g),
22. tan® # — sin? § = tan? § gin® g, :
23. cob? 8 — cos? § = cobt §lenst g,

(iv) 61° 11°

*These valuss, cotrect to five decimals i .
with those obtained from the tables, > ara given for compazison
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7.

28.

24,

31.

32,

33

34,

33.

38.
37.

38.

39. .
40,

EXAMPLES 35

. see? § 1 cosec? § = sect § cosec? ,
25.

26. -

aost A — sin® B = cos? B — am? AL

tan # 4+ tan ¢ tan § ~ tan 4
cotﬁ+c0t¢_t&netan¢_cotq&—cotﬂ'
tan 0 + cot ¢ __tan § — cot ¢
tanq‘.'—I—cot&umecmqﬁ_mnqb—mtti'
ot
sacx+t-anx=1_r$mx=— BT
cos « 1 —¢cina N
cosecw+cotx=1—|_.cosx= |meE | L\
gin = 1 — eosuw .t
1 K7, N0
. mec § —f—tacn [ =m. .'»“\\.
1 v/
caze f + oot § =m- ')\\.;
1 —=zin # ¢¥¢
o = —_— A 82. Ml
T T s 6 {soc § — tan &) "\
1~ cosf (cosecﬂ—;cot 6‘)“ 4 '
TS cose \
gin x 1+ cosn+ smdx
I —cosz 1——cosx+«a}nm
[ 1+Bosm+smx

I "z 1 + cgs\'z:\—v Sl'ﬂ a
{sec & — cos gb)\@w ¢ — gin $) = cog dgin $.

1
2500'#%“? Jcosec é — 1 ' cosesd | I

A\ 1 1
2
215&1'1’{ cosecp — 1 cosec d F 1
oi?‘—?- gind § = (cos # + sin §){1 — cos §sin ).
as # — gin® § == (cos & — sin 0)(1 + cos 0 sin &),

41 ‘eos‘i # + sint § = 1 — 2 cos? §sin? 4,

M\%

43,

44,
45,
46,

coz® @ + sins @ .

= {cos # -+ sin 8){1 — cos § sin & — cos® #sint §),
cosf § — sins 4 ]

= {eog § — gin #%1 + cos # sin & — cos? d sin? )
coa’ § +gin® ¢ = 1 — 3 coa® fain® .
cost # — sin® § = {cos® § -- sin® §){1 — cos? £ sin® §).
cesec? A cot? A — sec® A tan® A

= (cot? A -- tan® A)(sec® A cosec? A — 1)
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A{l 4 tan A)
47, eos A(1 4 cot A} + sin A{l 4 o0 A - 0880 A.
48. cos? A 0o B —sin? Asin?® B = cos? A — sin® B.
49. sin® A cos* B — cos® A gin® B = sin® A — sin? B.

60. (sec A gsec B 4 tan A tan B)? . A\
( — ({sec A tan B + tan A sec 3)* ="4N

E]Jmmateﬂbetween the equationa O\
gweog § - ysin § = 2, N\ *
yeoa f — xwain § = 3. g W

Ans. z* + ¥ = 13. N
§2. Eliminate ¢ between the sguations .\ ;
@ = 3oeos $ — 2sin ¢,.\
¥ ~=4dcos ¢+ Fsin ¢,
Ans, 285z* — 122y -+ l%ﬁ 289.
53. Eliminate 8 hotween the equatiohs
ocos § +bmn8+ts =10,
a cosﬂ+b’31n6+c = 0.
Ans, (be" - b'e)® 4 (ca — ¢'a)t = {ab’ — a'b.
o4, If acon@j—bsmﬂ—-c,
and bcosﬂ——asmﬂ--&
show that ¢ + d* = &8 Y. 57; and deduce that the value of

acos § + b ein § catinot be less than — +/{a? 4+ D%} or greater
than +/(e® + b*} \

§5, Elmm; 9 & between the equations

tos? & — sin? g, ¥ = 2cos ¢ 8in &,
Ang, o gt =

. B8, ~Ehtmnate B between the equa.twns
(N@=coa B (4cos*8 —3), y —sinf(4sing — 3).

I~ Ans, of 4yt =1,
;\\ 51, Eliminate # between the equations
A\ : cos # = n sin o, ¢ob 8 = gin 2 cot g,
AN Ans.  n®zec? § — cogd o) = L.
(\ 68, Eliminate g between the equations

% = tan.§ -+ sin g,
¥ =tan g — sin g,
Ans.  (2® — gtz — 162y,
59. Eliminate ¢ between the equations
2 =geC ¢ — tan b,

y-—eosec¢+cot,¢
Wtz —y 4 1=0.
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0. Eliminate § between the equabions
tan # — cob & = ¢,
cos 8 +-min f =b.
Ans, (o 4 4)(B3 — 1 = 4.
61, If = — g cost 8in § and y = asin® 6cos d, show that
{m? 4 y?)¥ = apiyt,
a9, Tf cos  — sin @ = ¢ and sec @ + COREC T = b, show thab
b= (2 — a?){4 + a?b?). :

2. fasingy = beoonw = Zotan , show that .\\\_
: 1 — tan? & N v
(@t — bY)? = de¥(@? + b%). C

64. Salve the eguation cos 26 = 2 608 70°, giving the va}ué’s‘
of & between 0 and 180°. T IN
Ans. 23° 25; 156° 35 S
65. Solve the equation tan 26 tan 26° == 1, giving the valuos

of & betweon 0 and 180°, WO
327 122°, AN

6. Show that the equation cos® =@ ‘-1?:8, where a i8 veal,

has no real roots. o\ o
. . o {2+ b " a4
67. Show that the equation su} A Sy where ¢ an
b are real, has no reat roots. W '

8. In a cirele of radius gaP 12 a point on An arc AB which
subtends a right angle at €he centre O, and the tangents at A
and B meet in T. Prove that, if L AOY =6,

TP %\QS‘(.Q — 2 cos @ — 2sin ),

and . s\ Aan A’;fP = L_—“ﬁﬂ.
\ '\ 3 1 —=m g
69. ATBOD, §8)a square of side 12 inches. The cirele with
centro A shdbradius 13 inches cuts BC in E and CD in F.

Calculat(i; o area of the figure bounded by EC, CF and the
are FE
N Ans. 1798 square inches.
L. (10} A belt is stretched tightly round two circular dises which
\ e in the same plane. I the rodii of the discs are 3 feet and
4 foot, and their centres are 10 feet apart, calenlate the length
of the belt and the area enclosed by ib.
Ans, 42-09 feet ; 109-6 square feet.
71. Two wheels (radii B, v, where B > #) in the same plane
are directly connected by a tight-fitting belt of length 28.
Show that -
§ = 4R + (B —r)i{tan d — ),
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where £ is the redian measure of the complement of the
inclination of the straight part of the belt to the line of centres.

72, If in Example 71 the wheels have radii 6 feot and 1 foot,
and their centres are 13 feet apart, calculate the length of the
belt. '

Caleulate also the area, external to both wheels, contained '
by the two straight parts of the belt and the two wheels.

Ans, 4994 fest ; 39-70 square feot. N

73. Two circles of radii r,, r, (r, > #,) touch externally %\&\
and B, C are the points. of econtact of one of the direct cozmnon
tangents. Show that BC = 2+/(ryr;), and that the sine of the
inelination of BC o the line of centres is (r; — ry) /(& & 7).

If ry =12, r; = 4, find the ares bounded by the smaller .
arcs AB, AC and the tangent BC. ~N\

Ans. 1870 square unitgs
74. Prove that, if % is & positive 1ntege

cos? § -+ gin?=

3).

— 4 N
W) sin® § cos® & - . ,

the last term being (— l)i"{z ain" § cos™ 0 if n is even, and
(— 1)i*insin! g cos™1 4 ifWs odd.

s“

O )
2O @
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CHAPTER 1T

GIRCULAR FUNCTIONS OF RELATED ANGLES;
EQUATIONS ’

§1. Relations connecting Circular Functions of certain
related Angles )

FormuL® will now be established by means of whicit”
the circular functions of the angles jnr + ¢ and ug'— ¥,
where 7 is zero or an integer, can be expressed E}g?f\cirbular
functions of 6, with either the plus or the Minus sign.
The fundamental formulwe, from which the_others can be
deducod, are numbered I and 11 in the followming discussion.
The proofs which are given arc perfectiy-general, and estab-
lish the formules for all values of 8. ()" ’

I cos(— ) =cosf; ag,é{(—— §) =sect;
gin (— ) = —sinf; gég&c(-&):-—cusccﬂ;
tan (— 8) = — tan 83 <V cob {— g) = — cot B.
Let two radins 2 v

veetors  OP, 0Q i"’\
(Fig. 1), of the sames
length r, start drom
the samc \pesition
along O;Q\:a:nd de-
scribe amfgles which
are ~Cgifal in size .
bubbpposite in sign.

‘and consequently P
and @, are sym-
metrically placecd ]
with respect to the Y
g-axis, Hence Fra. L

zy=2p and yo= = ¥p
39
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Now let /XOP =06, so that /X0Q = — 8, Then,
from the definitiona of the cosine and the sine,

ma(—&)=%=t—3=c039,

and sin(~'—9)=?i:’-9=—¥§=—sin9.

. The other four results may either be established 1{1 \a)
similar manmer, or deduced from these two. \

I cos(34n +6) = —sing;  sec (4= -+ 6) = — Go%c 0;
8in (37 + 0) = cos 8 ; cosec (§7 -+ 0) =#e0d;
tan (§r + 6) = — cot §;  cot (In + BNE\ tan 6.

\Let two radins

S ectors OP, 00

o (Fig. 2), of the

N same length

o\ gtart from - posi-
. O tions along OX,
vl Vv oY, resPectivelly*,
. and describe equal

angles, Consider a
hew sebt of co-or-
dinate axes, with
the same origin O,
-such that the axis
: of abscisse U'QU
~&C i coincides with
AW o 2, Y'OY. Then the
O\ . axis of ordinates
LY'0V, making a positive right angle with U0, lies along
) the z-axis but has the opposite direction positive. Henco

th.a co-ordinates of Q with respect to the new and the
original axes are connected by the equations

Ua=Yq and vq = - Zg.
Now the position of Q with respect to the new axes i

the same as the Position of P with respeot to the original

YaU
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\‘ cos (n + ) = eos {Em + (3r + 80}

§ 17 RELATED ANGLES ) 41
axes. Lherefore
ng = 2p and vg = Yp.
Henee yg = &p and zg = — yp.
Let /XOP = &, then /Y0Q = 6, and
/X0Q = /X0Y 4 /Y0Q = §n + 8.

Thercfore, from the definitions of the cosine and the sine,

cos(%r+3)--—-——--——=—sin9,

and sin(%ﬂ_;_e):?‘l:_:cogg, N\

The other four results follow in a similar manhé},\or may
be deduced from these two.

I cos (iw — 8) =sin §; seo (In —v.ﬂ):’}\—:cosec B;
gin (3w — @) =cos f;  cosec (171- \8) = sec #;
tan (3w — @) = cot 9; cot (lq( — 8) == tan @,

These results follow at once frond II'and I. For oxample,
cos (fm — O) —cas‘{éw-]— {(— &}
=S%m (— 0), by I,
L sin ¢, by 1;
sin (3 — = in {1 + (= 0)
\\ = cos (— O), by I,

\ =cos 8, by L.
v cos(n-—{-ﬁ],——eos&] sec (r 4+ ) = —sec §;
gin {7 ~1—~8 — —gin#; cossc (v ﬁ') = — cosec
ta,n"{q:\—l- f) =tan & ; cot (m - 8) == cot £.

Thc'% “formuls can be proved by & double application
of H\
\For oxample,

= —gin (3= + 6), by 1I,
—cos 8, by IT;

sin {in + (37 + 0)
cos (3w + 8), by 1L,
— sin #, by IL.

sin (= + 6)

(I
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2 S

Period of tan 8 and cot 8.—Since, for all values of 6,
tan (f + #) = tan 4, and cot (# + #) = cot 8, the functions
tan 8 and cot 8 have the period # radians or 180°,

V cos(m—8) = —cos §; sec (7 — @) = — w0 @
8in (7 — ) = sin ; cosec (7w — ) = cosec §;
tan (w — ) = — tan 8 ; eot (w — 8) = — cot 8.

To establish these, results, either 1T and IIT or IV apdl L
may be applied, S\
For example, ~\ .
008 (7 — ) = cos {37 -+ (bm — QP>
— sin (§7 — 6), BRI,
— cos §, by N

8in (7 — 8) = sin {#z + (=0}
= — sin (- @)} by IV,
= sin 8, G5AE.
The student should make himdself thoroughly familiar
with formulee T 80 V. %%
Eawmple 1.—Prove thati) 8os (270° — A) — — sin A ;
J6i) sin {(270° + A) — — cos A,
(i) cos (2709 A) = cos {180° 4 (90° — A))
AN = —- 608 (D0° — A) by IV,

L oed\D = —gin A, by IIL,
(i) Sin{R70° - A) — sin {180° =+ (90° -+ A
A\ ~—sin (90° ++ A), by IV,
s\, = —cos A, by II.
Emm}e 2.—Show that (i) sin (540° — 8) — gin 8
ON (ii) mec (630° — 8) = — cosec 8.
N\ (i) 540° — 6 = 360° 1 (180 — g),
\\ Hence si1_1_ (540° — 8} = gin (180° — ) = g.m g by V.
(i) 630° — & =2 x 360° — (80° + gy,

Hence sec (630° 8} = sec §{— (90° 4 N}
see (90° L ), by I,
— cosec §, by IL
The student may verify the following useful working
rules for expressing any given circalar function of an angle
oi.' the form (nw L 8) in terms of 5 cireular function of 8.
Since the form of the result is the same for all values of a,
that form may legitimately be determined by assuming

L
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¢ to be in the first guadrant, and therefore each of fhe
cireular functions of @ to be positive.

(i) Assuming that 0 << # < 90°, note the guadrant in
which the given angle lies. The result has the plus or
the minus sign according as the given function is positive
or negative in that quadrant.

(i) If n is even, the result contains the same circular
function ss the given expression ; but, if » is odd, the result £\
containg tho corresponding co-function, that 1is, sine bq-:\ ’
comes cosine, tangent becomes cotangent, secant becomes
cosecant, and vice versa. e\

S

Tor instance, in Example 2 above, "‘\

(i) 540° — 0 = 6 x 90" — &, a second quadrdnt” angle if
0 = ¢ «< 90°; in this quadrant the sine ig\pbsitive. Since
the angle containg an even multiple of 90%, the'sine is retained.
Hence sin (540° — §) == - sin 4, A\

(i) 630° — 6 == 7 x 90° — 8, @ thpd\«juadrant angle if
0 < § < 90°: in this quadrant the geeant is negative. Since
the anglo contains an odd multiple gBB0°, the secant is replaced
by cosecant, Henee sec (830° —8) = — cosce 6.

Since it is possible to expras®$ any specitied angle in one
or other of the forms (r .90 & «), where n is zero or an
integer, and 0 = o = 4563 any circular funetion of any speci-
fied angle can be expresped as a circular function of an angle
in the range fro l{{to’ 45° inclusive, with the appropriate
mign. m\ :

For example,

cot {— M68%) = cot {— 9 X 90° + 41°) = — tan 41°;
cos JQI™ = cos (11 x 90° 4 37°} = sin 37°.

Ezampld3.—Find from the tables the values of (i) tan 710%;
(ii) si;Q(:-'ﬁeaf’) ; (ili) cosec 949°,

Ade () — 0-17633 ; (ii) 0:83867 ; (iii) — 1-32501.
¢ ~{Eéampla 4. —Without reference to tables, show that

\”‘; ™ cosec 317° — mec (— 586"} < 0.
Since cosec 317° — cosec (360° — 43°) = — ecosec 43°,
and see { — B86°) = soe (7 X 90° — 44°) = — coseo 44°,

cosec 317° — sec {— B586°) = cosec 44° — cosec 43°.

Now, for the range 0 << & < 90°, cosec 0 decreases as §
increascs ; hence cosee 44° < cosec 43°, and therefore

cosee 31T° — sec (— 58_6") < 0
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§2. General Expressions for Angles for whick a Circular
Function has a given Value

In Ch. I1, § 7, examples were given of the determination
of angles from a known value of one circular function.
C v The three general

cages, in which the
value of the cosing)
o the sine or the tangént.
' is given, will now/be
xlk considered. (™
; I Given‘that cos &
X 0 / -3 Wbe”rga\t{
b, S AIEE=
tofind all the possible
values of 6.
% ONY Let Py, P, (Fig. 3)
. o\ .7 be the points in which
Fia. 3. WU the straight line z =%
. ON° meets the circle whose
centre is O and whose raditis is unity, Are
Then, by definition]”
&0t X0p, - 7.
B\ 1= =k
£ S EA)
and ’\ COSXOPQ=-:E‘{'—‘=’G;
and, aiﬁée P

#ee £y and P, are the only points on the circle whose
ahsgiss® have the value £, OF; and OP, are the only final

Bositions of the radins vector ‘which
eosines have the value f, ch define angles whose

Now OP,, OP, are s tri )
to the z-axs, 50 that, {f one vaus ory Hed. Witk respeot

of AXOPS is — o, Hone value of Z—XOP1 is o, one value -

ence all angles whose cosi
the value % are given by the expreggsjons cosines have

& + 2nm and — & + 2nq,

where ¢ is any one such angle, and # ig Zero or an indeger.
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This result may be summarised as follows.

If cos § = cos ¢, then 8 = - & - Znm, . (D)
where n=0 41,42 ...

1. (iven that sin @ =%, where —1 = k<1, to find
all the possible values of 8.

This case may be discussed from first principles, the
line y = k being drawn to cub the circle whose centre is Og\Jy
and whose radius is unity. This is left as an exercise 17N
the studend. PAY

Alternatively, the result of Case T may be applied, thus.

Let o be any angle whose sine has the valu&?q.‘ Then
gin # = sin o, or \/

cos (& - %) = €08 (cx’ <§).
Therefore, by (1), o\
e_f=a—%f%%

2 "\
or g— 1—; —’—}—I(Ex — g) + 2na,
where 0= O,O;E?I, +2, ...
Hence 8 =\c{\}- Inm or (7w — o) -+ 2nm
Tt has thereforé heen proved that
if SIN== sin o, then 8 = a - Zna } @)
or 7.\ - f=(m— ) + 2
WherP\I:\“ p=0+1,4+2, ...

" N&.——The expressions in (2), being « plus an even multiple
ob#, and — o plus an odd multiple of =, can be combined into
e single expression {— L"« - mm, where m i3 Zero or AN
integer. In practical work, however, it is better fo retain
the separate forms, remembering the sot of angles as com-
prising «, = — o, and all angles coterminal with either.

I1f. Given that tan = %, to find all the poseible values
of & '

Let P,, P, (Fig. 4) be the points in which the iine
y = ka cuts a fixed circle whose centro is O.
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Then, by definition,

tan XOP, = Y81 — f,
p,
and tan XGP,, =By
Tpy
. Further, there is mnoa .
other point on the 0i£§1‘3\“~
o at which y/z =, ‘aud
. therefore OP,, @, are
yAkx the only final L%;:it-ioils of
o the radiusyector which
X % define angles"whose tan-
~ gents have the value k.
It f&l[bws that, if one
) valug of /XOP, is «
.aithe angles whose tan-

R

v ~2%gents have the value k
Fia. 4, 0% are given by the ex-
R\ pression « + nm,
where \ =01, 42 ...
Therefore, ) e
if tan’\Q\é’tan a, then 6 = g -4 na, . 3
where : a=0,4+142 ..,
A\

”\g\~ §3. Solution of Equations
§Q.an®d formule (1), (2), (3) of § 2 enable the pro-
kS knfl solvmgla. trigonometric equation, as set out in the
. aworked examples at the end of Chap.

(O considerably. For instance, in R

" Fxample 1, p. 29, from the
stage sin 6 = }, the solution can he complefed as followa :

8in § = % =8i]130°;
therefore, by (2),
8=30"4+1n.360° or §— 150° 4 » , 360°,

where 1=0,4+1,42, ...
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Ewample 1.—Selve the equation
2 tan? x = 7 — 3 sec 2.
1i $anl @ is replaced by sce? » — 1, the equation beecomes
Bgecle +3secw — 9 =0,
or, provided that cos x * 0,
Ocos’a — 3cosw — 2 =0,

Hence (3cosx + 1B cosw — 2) =0,
and therefore cosx = — % or 3
¥ cosx = — 3= — (-33333 = — cos 70° 32",
= cos 1097 28,

then z = & 109° 28’ + n.380°, where n = 0, £ 1, £ 2, 00

I cos & — % = 0-G6667 = cos 48° 11/, then z = + 48114
4+ 5n.360°, where n =0, =L *£2 .... ¢* O

Tho eomplete solution is thus ~\

r= +48° 11 4 n.360°, orz= % 199° 28" KnV360°,
wheren =90, =1, £2, .~ .. N

Should the sclutions in any specified range ¥e'wéquired, they
can be obtained by assigning to n the appropriste values ;
for example, the solutions in the range fibihz = 0 to z = 360°
are 48° 117, 109° 28’, 250 32/, 311° 48

Erample 2.—Solve the equation W

3 cost @ — sj;r,ﬁ,": 2.
This equation reduces to ’
% sin? 4 :}wsiﬁ’ﬂ —1=0,
whence sin @ = 3(— 1 #$#13) = 3{— 1 = 3-60555).
The minus sign gives{ )
sin § = — 0-T67T90= — sin 50° 8’ = sin {— 50° 8"),
from which ¢ = 507 8 or 180° — (— 50° 8’), or any angle
coterminal with mither.
Tho plus sigh,pives
07 sin 8 = (0-43426 == sin 25° 44",
from ié}}“a i 925° 44’ or 180° — 25° 44', or any angle
cotermaingl with either.
Tha ‘eornplete solution therefore consists of the four sets
of-émgles :
MN25 44 4+ n, 360°; 154° 16’ 4+ n. 360%; 230° 8 4+ n.360°;
) 309° 52' + n . 360°;
wheren =0, £ 1,+£2, . ...
Ezample 3—Solve the equation
3 4+ 4sin §cos § = Hgint 6
This equation gives, provided that cos § + 0,
3 soct § + 4 tan 8 = b tan® 4,
or 2tan f —4tan b — 3 =0,

N\

N

AN
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Therefore tan 8 = {2+ +/10) =11 § x 3162313,

8o that tan # = 2-58114 = tan 68° 4%,

or tan 8 = — 0-38114 = — tan 30° 10° = tan 149° 50"
The complete solution is thus

§= 68" 49 + n,180° or 149° 50° + n. 180"
wheren = 0, £ 1, +2,., .,

Example 4.—Solve the equation tan = tan dx — 1. O\
Provided that tan z is neither zero nor infinite, the eclugtl\an .
reduces to .\
tan4x=cotm-——ta.n(-§-n—~m), A\
whenee 4 = }r —x - nn, N
or

% = {In L 1)1—7;}, where n =0, £ 1, .ﬁfj&.\. e

For every angle of this set, the condibion tan x + 0 is

satisfled ; but the condition tan z.& % is violated if
2n 4+ 1 A .
T=i1,¢3,15,.....,th,a,t\is,1fn=~3,—-8-

=13, ... 2 7,12, .... Fdér\each of the angles given
by theso values of n, the left gide of the equation takes the

indeterminate form « x 0, apd the equation iz not satistied.

Finally, the complete solntion is
F=2n )i

where » is zero og'@y integer excepting . .., — 13, — 8

=3 27,12, . ..{ that is, excepting those of the form & -+ 2
where r is zero\Ql\ an integer,

o EXAMPLES It
1. Exprofe as circular functions of anples between 0 and
45° {{]\eosec (— 960°); (i) sin (— 14s4°g); (iii) eos 1027°;

- AVyeot (769°) 5 (V) tan (— 785%) ; (vi) seo (— 851°),
/aBTe. (i) see 21°; {ii} — sin 44°: iii} sin 37°:
\3 (iv) tan 41°; {v) — cob 25°; %w}) iu;::crssac,4-1"'-
- Using tables, find approximately the values of
'sin 1314° 26”; (i) cosec 8565° ¥ (iii) tan 883° 15 :
08 675° 335 (v) sec 1184° 49°  {ui) eop 9510 307
() — 0-81344  (5) T.41793, (i) — 0-30097 5
iv) — 0813815 (v) — 391042 (vi) 0-33169
hout using tables, show thag ’
(i} tan 672° 3 cot { — 497%) < 0.,
(i) eos 577° — sin 677° « ¢,
(iil} cosec B11° 4 sac (— 743 =
- {iv) sin (— 651°) — cos (691%) = 0°
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4. Find the values of ¢ between 0 and 360° which satisfy
the equations :

{i} cos 0 = — sin 325°; (ii) tan § = — cot 5007 ;

{iii) sin # = =in { - 683%); {iv) cos § = cos (— 474°),
Ans. (i) 55 303°; (i) 50°, 230°;
{iil) 37°, 143°: (iv) 114°, 246°.

Establish the identities in Bxamples 5-8 :
B. cos® (90° 4 ¢) + cosec® (180° 4 ) + sin® (270° — &)
= 2 + tan®{270° + si
B. {2 — sec({lr -+ 8)}}{cot (3= + #) — sec (= — 8)}
= tan ($v — @) + tan (87 — 8} — cosec (Im, -i- 9)
1. {eosec {§ —3=)Lcos (f+En)}sec (Ba—8)—sin (# ~2g)P
= tan (8 — m){1 + sini(@2 $n)}.
8. cosen (3w —a)isec (fr4tx)+2 sin (3 & 2} NN
= 2 tan {(# — &x) + soc (x + & g8C (x -}- 8n).
Solve the equutions in Examples 9-33, gw&mg in each case
the values of # in the range from 0 to 3600, {
9. 3804+ %tan # = 0. \
Ans. 0, 1807, 360°; 131° 48-}’;’228" 11y,
10. 2 ¢os 8 = cot 4. N o
Ans. 90° 270° £30°, 150°
11, 2005 2 == 3 tan 4. "'
Ans. 308, 150°.
12. 3 tan® # = 2 sin 8.
Ang, \180° 360°; 30°, 150°.
13, 6tan 6 — 2 got = 1.
Ang, 33° , 213° 413" ; 153° 26/, 333° 26%,
14. 3tan ¢ = &ds® 8 + 1.
Arls” 45°, 225°; 63° 267, 243° 26",
15. 28in2 @ 2= S5 cos 6 — 1.
O Ans. 60° 300°.
13-"9\’80‘8 5 — 2gec # =1,
N Ans. 1200, 240°; 48° 114, 311° 484",
.17. Sain @ = 7 cot § — coses 6.

~O. Ans, 53° 8, 306° 52",
\‘, 18, sin 8 = 1 — 2 cos® 4.
Ans. 90°; 210°, 330°.

18, 6sin # + 6 cozec § = 13.
Ang. 417 48}, 138° 11§
20. Il sec 8 4- 3 tan @ = 20 cos 4.
Ans. 36° 52/, 143° & ; 228° 35§, 311° 241"
21. 8cost @ + & sint 8 = 5. '
Auns. 30°, 150°, 210°, 330°;. 60°, 120°, 240°, 300
4
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22. 68in? # —sin feas @ — 12 con? @ = 0.

Ans. 5B6° 18}, 236° 18} ; 126~ 527, 306 52",
23. 118in®* @ + 10sin Acos & 4+ S cos® # = 3.

_ Ang, 136°, 316°; 165° 587, 345° 58',

24, Bsin® 8§ — sin # cos @ = ©.

Ans. 63" 2¢%, 243° 268" ; 123° 414", 303° 411",
25, 11 cos § — I3 sin @ = 5 gec 0.

Ans, 21° 4%, 201° 48’ ; 108° 267, 2887 2@,

& N\

26. 7sin § 4 4 cos 8 — 4 cosec 0. o\ -

Ans. 33° 413, 213° 41§ ; 116° 34, 206° 34, D
27. tan 2% ten 3% = 1. N
Angs. 18°, 54° 126°, 162°, 198°, 234°, 306\ 3422,
28. tan (2 | 30°) - tan x = 0. \'"‘
Ans. 50°, 110° 170°, 230°, 290° 350‘f
29. tan (3x 4+ 52°) + tan x = 0.
Ans. 32°, 77°, 1229, 167°, 21{32\.37“ 302°, 347°%
30. cos 3z 4 sin 2x = 0.
Ans.  54°, 90°, 126° 1-98° 270°, 342°,
31. cos (2z + 63°) 4 cos ga:.—l; 9“) 0.
Avs.  36\196°, 156°, 276°.
. 32 co8 3w = sin . 0N
Ans. 18°080°, 162°, 234°, 270°, 306°.
33. sin 72 + sm«(g:v 4 60%) = 0,
Ans.  30°,.80°% 66°, 102°, 138°, 160°, 174°, 210°,
\Q&o‘* 246°, 282°, 318°, 330° 354°.
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CHAPTER TV
GRAPHS; INVERSE FUNCTIONS; AREA OF A
SEGMENT OF A CIRCLE
§ 1. Graphs of the Circular Functions

From tahles, one or more of the formule proved (im

Chap. IIi, § 1, being employed if necessary, the values
of the circular functions of any specified a,ng]e.cfm be

found.

Graphs of the eirculur functions can therefbre now

be drawn for any range of values of the angle)
Threughout this section it will be undérstood, unless

otherwise indicated, that angles are ex

detd in degrees,

Thus cos @ will be printed for cos «¥, t.he degree symbol

being omitted for convenience.

 Graph of cos —Table 1 shows,} porrect to two places of
decimals, the values of cos z faftvalues of 2 from 0 to 360°

by steps of 20°,
&= 2M° are also showng

The zerotvalues for « = 90° and for

.& yTABLE 1
€
f:d th 20° ,qu a0* [ 80” o 100 1207 | 3407 | 160°
P\, _
(L1 4 1 0-}.}4 a77 050 | 017 [H] — {17 | —0-50| —0-77| — 004
;L\
—~ j
& o{ﬂ]a 2000 | 2207 | 240° ‘ 260 1 270° | 2aue 300"1320" 3407 : 3607
.NKé'G =1 -4 | —077 — D50 | 017 1] 17 1050 077 (OO0 1
A0 0)
. Dcd

 The graph of cos z, that is, the graph whose equation
13 i = cos #,is shown in Fig. 1 for the range from x= — 360°

Yo x = 720°,

Since cos (x4 n.360°) = cos z, » being an inieger,
the ordinates at the points whose abscissee are -, x + 360°,

a2 x360° ... are equal.

51

Hence, if any point on the
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graph is moved 360° to the right or to the left, it coincides
with another peint on the graph ; and therefgrc any part
of the graph, if moved -360° right or left, com'cu.'los .Wlth
another part. The complete curve thus consists of Fhe
wave from 2 =0 to x = 260°, and an endicss repetition
of that wave to the left and to the right. This repetition
is, of course, merely the graphical expression of the perlot’i;\\\:
ieity of cos z. AN
The curve has an infinite number of maximum buraing
points,* at intervals of 360° on the line y = 1, anghan’ in-
finite number of minimum turning points,* at Lfervals of

N/

AN

o ‘}m l. y=cosm

- ¢ _
360° on the Bme ¥ = — 1. All other points on the curve
lie -betweenvgnat — 1 and y — 1.

Bince ¢08“(-— ) = cos =z, the graph of cos z is sym-
metricgDdbout the y-axis,

b of sin x.—Wig. 2 shows the graph of sin  for the

rafige from o — — 360° to z — 720°, drawn from the data
Jepitained in Table 2, _
':'\." Since sin (z -+ 360°) = gin &, this graph, like the graph
) of cos », consists of an endless succession of identical
parts, each corresponding to s range of 360° on the z-axis.

* Lot a curve he considered ag fraced out by a moving point.

A point at which the ordinate of the moving point ceagea to increase

. m:d begins to decreasa I8 8 morimum turning peind,; a point at

which the ordinate ceages 4o decrease and begins to increase is &
minimem turning poing,
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TAEBLE 2

Ed | 8] a0 40° #0° a0 9_0° 100° { 120° | 140° | 180% | 130°
j— ]

- sine | (54 0-fid 87 -98 1 085 | 0-87 | 0-84 | 0:34 qQ

e |-

k4 ann” T30 2-‘{(]6 260" | 270° | 2807 Sﬂd“ B20° | 8447 3807 -

aln x| —084 | —(-ti4 [ —0-87 | —(-08 —1_ —0-05 | —0-87 | —0-84 | (34 D'
P U

-

Tho graphs of cos z and sin z are identical if ‘form,
differing only in position. Since cos x == sin{z'+- 90°),
the ordinate of the eosine curve for any gi@ dbseissa is
equal to the ordinate of the sine curve, for abscissa 90°
greator. Thus the graph of cos x, if unqved to the right
through 90°, becomes the graph of sil’i.x.'

"

2\
xt\"’ -
.“\".

AL

Fig, 2. y=aina

O\
Geaph of tan x.—Since tan (v + 180°) = tanw, the
graph of tan « consists of an infinite number of identical

S

\‘ﬁaﬁ:s, each corresponding to a range of 180° on the x-axis,

Table 3 shows the values of tan « for values of & from — 90°
to 90° by steps of 20°, and the graph of tan z, from
2= — 270° to & = 270°, is shown in Fig. 3.

There are no points on the graph of tan & when z = + 907,

3 270°, £ 450°, . . .

The curve approaches more and

more closely to the lines & = 4 90°, £ 270°, . . . when

AN



54 TRIGONOMETRY [cH. 1%

TABLE 3.
z, . ‘ 0 x 10® | £ 80° + 80 i £70° ‘ + §0°
]
tan ‘ 0 018 068 | 1190 | + 275 P ow

totes to the curve,

Throughout its whole course, the graph riw‘s}'«:from
~ left to right. This is the graphical expression, 6fythe fact
&

, £ \\.
@ approaches these values. These lines are called zt-syr{lﬁ-“.

FEies

o

&raph of sec o, which,
become the graph of

if moved 90° to
cosec x.  Since



L1

1, no part of either graph

=
+ L

the paraliels y

OQRATHS OF CIRCULAR FUNCTIONS
1 and | cosec x|

=
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Throughout its course

for cot @ always decreases
through a value for which

cot 2.

¥ie. 5. ¥

Fig. 5 shows the graph of cot «.
as x inerenses, except when & goes

the graph falls from left to right,
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cot = has no value. The graph of cot z has vertical
_agymptotes

¥ =10, L+ 180° J- 360°, . _ .

Graphs of cos 2z and sin 9v.—The functions cos 2% and
sin 2z have period 180°, since, when x increases by 180°,
2x increases by 360°, and therefore the values of cos 2;0\
and sin 2z are unchanged. Tt follows that the graphsiof?
¢0s 2z and sin 2 consist of an unlimited number of FTAves

‘identical with the part which lies between x £\ and
- @=180°. Fig. 6 shows the two waves of thé Jgraph of
"’\
Y \Y;

S\ Fig. 6. y>=gin 2.

N\
sin 2z which lie in the range from g = 0 to 2 = 360°
The student should sketch the graph of cos 2a for the sams
range,”

«\Similarly, the cosine and the sine of 3z, 4z, . . . have
: \"périndﬁ 360°/3, 360°/4, . ., _, and theip graphs for the range
\“Wirom ¥ =0 to x=2360° consist of 3, 4, . . . identical
waves, :

Periods of tan nx, cos nx and sin nz.—Here, for conveni-
ence, the angles are expressed in radiang, If » increases
by =jn, ne increases by 7 and the value of tan nx is not
changed. Henee tan nz hag the period »fn,

If @ increases by 2n/n, nay tncreases by 2, and the values
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of ces nr and sin na are not chaﬂged Hence cos nz and
sin n#x havo the period 2#/n.

When a function consists of several terms each of which
in periodie, any common multiple of the periods of the terms
18 & period of the function, The lenst common multiple is
the period of the funetion.

Eremple.~—Find the periods of the following functions : ’ \:\
(i) 2 con 3z - B cos §x; e\ N
{il) $s8in 3z — 3 cos Ba; y
(iii} @ sin 3¢ 1+ b sin Gx; (".}.

{iv) tan 2z — 4 tan 3.
Ans, (i) 8a; (1) 2#/3; (ii) 2wy (iv) u'.\

A funetion of the form

g + ¢y CO8 T - @y COS 2% - @y 008 JuH . . .
-+ by sin x + b, sin 20 4 by sinde™4- . . .
has period 2, for the variable tePwds’ have periods 2,
27/2, 2443, . . ., of which the leashcommon multiple iz 2=.

§2. The Inverse Qirema,r Functions

An equation of the formyy = f(x), which defines y ex-
plicitly as a function of #y may be regarded as defining
implicitly as a funcﬁ&x of 4. Two functions defined in
this way are saido, be énverse t0 each other, The usual
notation for theé\function inverse to a given function f,
is f~1; thus, §f ¥ = f(z), = f~'(y)

Tor exs ple the equatlon Y = 2:1: -+ 3 is equivalent to
& = (. %). The two functions 2x + 3 and iy — 3)
are fl%(efore inverse to each other,

I\may happen that the equation y = f(z} leads to more
t@m one possible value of  in terms of 3 The inverse

N flmctwn is then gaid to be meny-vafued. Oue of its values
"may be chosen as principal value, it being then understood
that, unless the contrary is stated or implied, the symbol
FYy) rcpresents the principal value.

For example, if y = 2% = f(x), then either x = +/y or
= — 4/y. The function inverse to 2? is two-valued,
The value 4/% is chosen as principal value, and is repre-
sented by f~1(zy).
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Definitions.—The inverse circular functions arc defined
as follows ;

if y = Q08 @, thﬁn xr = cos-—l y :
if ¥ = sin z, then £ — gin-1? ¥
if ¥ = tenz, then xr = tan-t v:

O\

and similarly for the other circular fonctions. D)
The symbol cos~1 y thus represents an angle whosezdcsine

bas the véile 7y;
sin~! g, .an"angle
whose ,sine ? has the
s60e] - valuely%’ tan—! ¢, an
angle’ whose tangent

Ja® the value y; and
{786 on. Thesc new
¢S\ symbols should be

* read
“ ¢os minus onc ¢,”
“sine minus one %,”
“tan minus one g,”
ete. Alternativesym-
bols, arc cos y, arc
8in g, arc tan y, ete.,
are sometimes used.
It should be noted
that

cos™? g and sin-? g
are defined only for
since neither cos 2
ner sin x ¢an be
numerically greater
S CHE NP ——— than unity. Simi-

. larly, sec-1 gy and
cosec™ y are defined only for Y= —1and fory = 1.

Graphs.—The graph of cos-t o (Fig. 7) may be obtained
from the graph of oy 4 (Fig. 1) merely by interchanging
the lalz:e]s of the co-ordinate axes, writing Y'0Y for X’'0X
and X'0X for Y'OY; for the equation of the graph of

Y%

o
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008 & 15 i = cos &, or ® = cos~ L g, and this equation becomes
y=cos~t z when x and y are interchanged. After the
interchange, however, the axes are not in the normal re-
lative position, since the y-axis now makes a nhegative
right angle with the w-axis, They may be brought into

the normal position by

rotating the whole dia- Y
gram about the bizector

of the angle XOY,

By a gimilar process s

the graphs of sin-! =
(Fig. 8 and tan-1 a
(Fig. 9) may be derived
from the graphs of sin «
and tan x.

The student should
sketeh  the graphs of

gec~! &, coseel g and ™

cot—1 . eyt
Principal Values.— ™ -

Each of the inverse cir- . st

cular functions is m&ny,—,,<
valued. For exampieg i)
cos « = &;, everyangle
of the set Lo+l 360°,
where » = 0, 3<F, 4 2,

., is ansangle whose .
cosine sy, that is, a ]
valus @#f60os~! . The s

graph\of cos—1 2 (Fig. 7)

_Skows that, correspond- Fig. 8. y=snlm

?ng”to any value of z in

he range — 1 < @ < 1, there is an unlimited number of
values of  or cos—3® z, and that, in every case, one and
only one of these valucs lies in the range 0 <y < 180°
That valze is chosen as the principal value of cos™ «.
Similarly, the graph of sin-1 & {Fig. 8) shows that, of
the unlimited number of wvalues of sin~lx, where
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—1=2x1, one and only one lies in thc range

—90° < y = 90°. That value is chosen as the principal °

value of sin-! z, o

Also, from Fig. 9, it is seen that, of the nnlimited number

. of values of tan-1 2, where @ has any real valuc, one and ';
only one les in the range — 90° <y < 90°, That value

is chosen as the principal value of tan-1 x. O\
The principal value of seo~! @ is the angle in the range’
Y ™ & "%(
: o (¥
._,—.__-.——--—-'—-—-_-.‘-./ N =

= %1 v —_—
Nod/ —
" A
D ——
= BVE
5 ’

.’fﬁ}m 0 to 180°; and the principal values of cosec™! # -
J%and cot? x are the angles in the range from — 90° to 90°.
To sum up, the principal value of any inverse circular
funetion is that value which is numerically least, the positive

a._ngle being taken when two, of opposite sign and equal
81z¢, are the smallest numericall

The principal valwe should be understood in every case
where it is not indicate

_ d or clearly implied that the general
value is meant,
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Bwample 1.—Verify the following statements :
cos-H{1/2)=60% ; sin-1(1/2)=30°; tan=(1)=45";
cos—t{ —1/2)==120°; sin-¥{(—1/2)==—30°; tan H{ —1)=—45°;
soe-1{2/1/31=30° ; cosea~t (2/4/8)=60°; cot-1(/3)=30°;
gec—!{ — 4/8)==1358°; cosec{—/2})= —45%;

cobH{ — 4/3)=—30°.
Faample 2.—~TUsing tables, find approximately the values of
(i) cos— (C-62588) 5 (ii) cos- (~-0-62688) ; (ili) sin " (0-42813) ;
(iv) sin* { —0-42813) ; (v) tan~* (1-35723) ; (vi) tan* (—135728).
Anms. (i) 51° 15 ; (i) 128°45'; (ili) 25°21"; ¢
(v) — 257 217 ; (v) 53° 37 ; {vi) — 8337, .}
P

Example 3.  Prove that ‘

(i) cos-i{ — @) = = — cos & (ii) sin- (— z) = — giftT;
(iii} tan-t{— @) S gian " o

(i} Suppose that « is positive, and let § = cog . Then 8
is in the range from 0 to =, and & = co8 6. ,Fence,

— w = — cos § = cos (7 @ _
and therefore cos-! (— x) = = — 8, this\Peing the principal
value mince 7 — @ is in the range from\dsr to = Therefore,

cosl (— @) = m €031 &

If o is negative, let @ = — y}l‘so that ¥ is positive. Then
eos-! {— y) — = — cos~L (y), by-the resalt jusb proved. Henece,
05! () = = — cos—} (— wh, which gives the same form as
before, . O

Tt & == 0, cos-! (v} =< eos -1 (— x) = 4w, s0 that () is true for
all values of . i\ ]

The identities (fijyand (iii) may be established in & similar
manner. %)

Brample gy Prove that
\m cosle +sinte =}r;
A\ _ e [3mife>0,
) .2\\ (ii) tan-1x + cobt™! m—{_.’%ﬂ’ w0

;’@’iet @ he positive, and lot § = cog-tz.  'Then #is in the
#tange from O t0 4w, and x = cos &, Hence 2 = sin (37 — )y

and 3= — & is in the range from 0 to L7

Thorefore, sin-lwz = 4m — § = = — cos~' 2.
H w is negative, — 18 positive, and the result just proved
gives
cogt (— &) 4 sin{— ) = 4=,
or w — eost {z) — sin? (&) = i
applying the results of Ezample 3 abave.
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=0 coa 1y = ir, and sin-12 = 0,
Benee (i} is true for all valnes of z.
The identities (ii) may be established simitarly.

Ezample 5.—Show that sin -1 (3) = tan-' (1) = ¢

bhatsin 1 {— £) = tan-2 (—

§3. Graphical Solution of Equations

%_) = cos1{— .:} —

Roots of equations of the form Sz} = ¢z},

and ¢(x) are any functions of %, may b
mately by drawing in the same dia,
axes and scales, the graphs of f(x)
of points eommon to the two
equation ; for, if (z, %)
ordinates satisfy the

Hence
equabi

the
flx}

¥ = flz;) and = o
Therefore f(z,) = $(x) 5 thatyis,

z). \J/
3 simple special case, thet

on fla) = ¢

is any commbid"po
equations

P(z;).

\1

™
3

Example 1.—Find a,p‘prm%imatoly by a graphica]

roots of the equation des 2 = 2 sin ¢ which are in the range
3

Table 4 shows the
places of decimala, 1.
The graph:
Fig. 10. The a

1

s of y =
bseissm of
and 158-5° are th

0= x = 180°, &,
\\ TABLE 4
" & 3 a0 20° | 400 4p¢ 50° i e 2l m
L1807 170° | 160° | 1500 | 1400 180° | 1200 | 1107 | 1007 |
e\ |
‘_'7\_1_"_ I i i S |
conded 1 | gt | guyp -5 17 | =g —-0b | —077 | —0ot| 1
\f{\ 5 | 007 | 097 | -0 | —077 | —o0 !
:’ YZsinx| o 036 | 088 | 1 1-29 1-58 | 1.3 188 1-97 ‘ 2
L - i

or values of 2 from 0 to 180°
205 2z and g —
the two

loR, 17 -
o (1), a,nd_'

whcrc\'ﬁiﬁ)\"

e determined approxi-
gram, with{thg same
and ¢(z). I
graphs are rodts;\of the given

e abscisss

int, its co-

¥ =} and y = 4=} )
Jx; i8 a root of the

é}bscissse of the points where
graph of f(z) meets the wlaxis are roots of &

16 equation

method the

values of cos 2y and 2 sin ¥, correet to Lwo

by wteps of

2 gin % are shown in

points of intersection, 21-5°
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scales of (say} 1 inch = 20° on the #-axis and 1 inch = -5 unit
on the w-uxis, it should be possible to read off the rocts to
within one-fitth of a degree.

If groator acvuracy is required, a much Jarger scale can he
used. Hor example, in order to find the value of the first root
maore aocurately, the two grapbs might be drawn from z = 10°
tox == B0°, taking intervals of 1°, and using as scales 1inch = 2°
on the z-axis and I jnch = 0-1 unit on the y-axis.

The student may verify, by sketching the two graphs from
@ = 180° to » = 360°, that thers are no points of interseetion,

S

O i
i ] 1 ]
i . h,
A N
- bt }\. 1 1|
HH] . ENE ™ I
... A
T .
AN . ol TN A" ||
\ I -
o/ h, A N
il g . ]
0 o
i T S,
i | Ty Y
T ot 3041 n
.. . ] A
B N A W |13
[T] : N 3 g H1]
[1° * RN =
- L A,
[ T 11
[ .t =
1 I N
: ]
i
' 3 I
9N Fia. 10.

in t-h&p\ém%o, and that the values found are the only raots in
the zande from = = 0 to & = 360°
Brwinple 2.—Solve praphically the eguation = = cos &,

... Phete the angle is expressed in radians.
\“Binee — 1 < ecosx = 1, any root of this equation lies

between — 1 and 1. Also, if — 1 < @ < 0, cos « is positive,
for tho angle is between — 57° 177" and zero ; and therefore
the equation cannot be satisfied. Hence all roots of the
equation lic betwesn ¢ and 1, and it is sufficient to draw the
graphs y = @ and g — cosa for the range 0 <= < 1. For
convenience the tange 0 < x < 4w is taken.

The values of cos #, correct to three places of deeimnals, for
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values of # from 0 to 4= by steps of &, are shown in Table 5.
For the straight line graph y = = only two points are necossary :

Tom, v

TABLE 5.
x. - 0 o Pe o T = Va
0-624 | 608 1-047
- 0’\“\
Degroes | 0 10 20 30 40 50 “bo
. Ny
08 & 1| 0985 | 0940 | 0866 | 0-766 | 0043 [ 05
WL
a third iz plotted as a check. The valuodbfz at tho thres _
points are shown in Table § correct to t.h'r\w‘places of decimals.
\‘ LT T
NS : £
i
} - A
NEBNSD 7
i
= e N A ¥
T 37
Ky
—.._‘D._T_ y
L ] -
& NS Y
AN NEAN N NEEE
N ™ ’-:::E::_______,___:__ 7
B o T A N
) T = [} N
.\n '—__""—‘——'—:‘——-—-— I UL I I \‘ i
ws: o 4 —'“‘—"0; _-‘_-?___-_--__"7 EEENRERE N
© BT s e e R s
:E_H“ 1] cdie o e T T T 17T
LTI SO _,i_ | 7
Fra. 11,

The graphs are gh
equation # = cogx h

own in Fig, 1],
as only one real root,

It is seon that the
> Namsly 423 x fym,
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or appraximately 0-738, The form 4-23 X JLv ia convenient
if the angle is t0 be converted into sexagesimal moasure, as is
ugnally The case whon an equation of this tvpe arises out of a
. practical problern. Tho measure in degrees of the angle
which satisfies the given equation is 4-23 x 109, or 4239,

§4. Area of a Segment of a Circle

Let the chord AB (Fig. 12) of & cirele of radius » subtend
an angle ¢ radiang at the centre O, Then AR divides the {\)
cirele into o minor segment ABPA, whose central a;ngle. iﬁ}

f radians, and a major segment BAQB, whose cepbral
angle is (27 — @) radians. K7, N\

Let 4D be the perpendicular from A to ORN “Then

AD ==+ sin AOD, from the right-angled triample ODA.

SN Fre 12,
Now, if § = %ﬂz.ﬁgis on OB and. /£ AOD = &; while, if
f> 4w, D is ghUBO produced and /AOD = — 4. In
both cases, thesefore, sin AOD = sin 8, and so AD = r sin 4.
Agein, if ¢<817 D coincides with 0,and AD = r = #=sin 8.
Hence i\l cascs the area of the triangle AOB, namely
%OR.};AD is }#? sin 8 square units.

Aow the minor segment ABPA

i\; = the sector OBPAQ — AAOB

=420 — Lr2sin @,

and the major segment BAQB

= the scctor QAQRBO + AAOB
= 1(27 — 6) -+ 4r*sin
=Lt — hrtsing,

where ¢ = 2% — 8, '

&
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Thus in all cases, whether the segment be minor or
major, the area is given by the expression 472 (6 — sin 8),
where r is the radivs of the citcle, and 8 is the number of
radians in the central angle of the segment.

Fzample.—Find approximately the size of the angle sull:\
tended at the ecentre of a circle by a chord which divides the
circle into segments whose areas are in the ratio 2 : 1. AN

Let = be the number of tadians in the required anglé.’) Then,
if r is the radius of the circle, R

i@ — sin ) = Jm, Y

Hence, ¢
: sinz =z — 3 . N . . (1)
A rough sketch of the graphs y = sid® and y=ux—%n
ghows that the root of {1} is between #aand ». These graphs
can then be drawn to as large a seale 88)is convenient, and the
root .can be read off. A suitabléNboble of values is given

below, the drawing of the graphs\béing left as an exercise to
the reader. ™
. o\

1
= 12a/18 | 13x/18 | 1ag/¥8 | 165a/18 16718 [ 17x/18 | 18+/18

4

Degrees| 120 {m M0 | 150 | 160 | 170 | 180

S S 7\ _
. 5 A :

sine .| 0868) 0766 | 0643 | 05 0-342 | 0174 | 0

AN -

L & N

—_ 0-524 -— — F-047

— .

gle in degrees is therefore approximately 149-3°,

\ﬂi‘he solution of (1) is » = 14-93 % 7/18. The size of the
LK

EXAMPLES IV

1. Draw the graphs of th

e following funetions for the range
from i = 0to = 360°,

Le3) eos'2x ; {i1) cos Sz ; (i) cos dp;
(iv) &in 3z, (v} sin 4 ; (vi) tan 2,
2. Draw in the same diagram the graphs of cos 2@ and

%nind(mt.h— 35:;4 foi: ﬂﬁe range from = = 0 t6.2 o 150°. et honse
- © Loats of the equation cos 2z = gin £ 35°) whioh-lie
within that Tange (v ~ ) whi

Ans. © =417 or 16170,
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3. By means of the graphs of tan » and 6 -~ 5 sin , find the
angle in tho range 9 < @ < 80°, which satisfies the aguation
tanw + Benae = 6.

Ans. 594°

4. Bhow that the equation sin 2@ = 1 — cosz cannot be
satisfied by any value of x between 90° and 360°.

Tabulate, correct to thres places of decimals, the values of
in 2z and 1 — ecos x for @ = 0, 10%, 30°, , . ., 80°; and, by A
drawing the graphs of these functions, find the valucs of a i \~.\
the range 0 = » = 360° which satisfy the given equation. O

Ans. 0, 69-6°, 360°, A

5. Draw in ono disgram the graphs of cost x and (sin .ﬁ.—f)-cl)
for the rango from « = 0 toa = 180°, and hence ﬁnd{hfe’values
of # in that range which satisfy the equation ‘)

cos® x — sin o + 0-4 =0,
Dedueo the solutions in the range from x = 'KSO?’ to & = 360°.

$
Ans, 67-0° 136-7°, 223-3°, 203-0°.
6. Draw a rough graph of y = 4 side\~ 3 cos z, and show
that there s only one real root of the equation
3z + 4sin » =8%os ,
where & is tho number of radidné of engle. Find that root
by means of an aceurate dragving of part of the graph.
Ans. x = 0401 = 0-128x.

7. Bhow graphically gh'\{t the equation ¢os x = x — 1, where
z is in radians, has only one real root and determine that root
correet to two plac’é@of‘ depimals.

N\ Ans. o = 1-28.

8. Solve graphieaily the equation 3 cosz =2 — 4=, where
© is in radigngy and convert the solution into sexagesimal
measure. ZHM™

WV Ans. x = l-44; 82:5°

. A'thord of a cirele i 24 inches long and is B inches
distaht from the contre of the circle; find the area of the
3.’7\93.“'31‘ segment which it cuts off.

~\J Ans, 138-8 square inches.
/ 10. Calenlate the area of a circular segment which eontains
8n angle of 125° and stands upon a chord 12 inches long.
Ang, 26-29 square inches.

11. The chord AC of & circular segment ABC is 12 inches
long, and the angle ABC in the segment i 35° 24’; find the
length of the are ARG to the nearest tenth of an inch, and the
area of the segment to the nearest square inch.

Ang. 52-3 inches ; 321 squarc inches



320, In & circle of radius 17 inches a
\ “Perpendicnlar distance of 8 inches fro
’ this chord as diameter
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12. Two eircles of radii 3 inches and 4 inches are described
with their centres 5 inches apart. Calculate the area common
to the two circles.

Ans.  6-841 square inches.

13. Two equal circles of radius 10 inches have their centres
14 inches apart. Calenlate the overlapping area.
Ans. 5911 square inches.

4. Caleulate the area common to two ogual eircles of raghiug)
3 feot whose centres aro 4 feat apart. O

Ans.  6-198 square foet. O

15. The common chord of %wo intersecting aircley is a
diamefer of one of them, and is equal in length%q ‘the radius
7 of the other, Show that the area common tg"the two circles
is 737w — B84/3). ’

18. Circles with centres A and B, andy ti @ and h, rexpec-
tively, cut orthogonally at P, Show t-hgt;qf a denotes £ PAR,
the area common 4o the ci reles is ‘S

(@ — 8o + 15T ab.

17. The seetion of a subway tunhel is a major segmont of &
circle. If the hase chord isy8 Toet and the greatest height i3
10 feet, caleulate, in cubie yards, the volume of the tunnel por
100 yards of length. SN\

Azms, 996 cubic yards.

18, Find tho voluws of water contained in a horizontal
oylindrical boiler z6.foet in diamcter and 20 feet iong, when the
greatest depth 'Er{\bhe water is 4 feot.

N\ Ans,  400-5 cubie feot.

19, Thydugh o point on the circumferonce of a circla of
radius 5{inches, two equal chords are drawn, inclined to each
other &by8n anglo of 50°. Find the argas of the threo parts
in%"ﬁhich the cirelo s thus divided,

!

Aps. 1879, 4097 and 18-79 square inches.

¢hord i placed at a
m the cenire, and on
@ tircle is deseribed. Caleulate the

area of that part of the larger eircle which is outside the

ernaller.
Ans. 362-1 square inches.

2L Two radii QA, OB of 5 citele contain an acute angle.

A semlicirale on OA_ 88 dismeter euts OB in (), Show that the
are CA of thiz semicirgle bisects the aren bounded by CB, CA
and the are AB,



v} EXAMPLES 69

22, On OA, a radius of a circle whose centre is O, an equi-
tateral trisnglo QAT is described. Show that the avea of thut
part of the circurncircle of the triangle OAB which is external
to the giver cirele is f#%3+/3 — #), where + is the radius of the
given circle.

23, An arc ABC of a cirvele of radius r subtends an angle of
15° at the centre, On ACQ a semicircle ADC is described
cutside the circle ABC.  Caleulate the area ABCDA. a

Ans. 041+ ¢\

24, AB = AC = 125 inches, and /BAC = 35° 30", &)
circle is described to touch AR at' B and AC at ¢. Calculate
the area of Lhat scgment of the civele which lies Dut-sigfe the

triangle ABC, ¢ &
Ans. 34-76 syuars inches. "‘\

25, Points A, B, O are taken in order on astraight line,
such that AR = 5 inches and BO = 3 inches ) On AC and
B as dinmeters semicireles are drawn, The fangent from A
to the smaller semicivele mests the Ia-;'ger,’il;\l'). Calculate the
area of the segment cut off by the chord\AD.

Ans.  17-81 squareinches,

26. U is the point of trisection neager A of a straight line AB
of length 6 inches, and semicirele®are drawn on AC end CB
as dismotors, The tangent AT from A to the larger semi-
circle cuts the smaller inydi.  Caleulate (i) the area of the
segiment cut off by AE, a.@'l tii} the area enclosed between D
and the eircles. O .

Ans. (i} gi\— +4/8 = 0-614 sguare inches ;
(iBh ¥ 8 — i« = 0413 square inches.

27. The hyds;a:ﬁ}in mean depth is delined as the ratio of the
eross-sectiongNirea of water to the wetted perimoter. If r ig
the radius gf e circular section of a eylindrical pipe, and § is
the radiamWnasure of tho angle subtended at the centre by
the WEQ(WI perimeter, find the hydraulic mean depth.

R\ Ans. 3r(l — sin 0/8).

p ~28." A cylindrical hoiler I fect long, and of r feet radius, with

»\JMe/axis horizontal, contains water to a depth of d feet {d = r),

\ tho remainder of the space being oceupied by steam. Prove
that the volume of the stesrn space is

t{rﬂ cos—l(d : r) — [t — )4/ (2rd — d*)} cubic feet.

_ 22_!. AU is o diameter of & cirele whose centre is O, A chord
A_BI is deawn in sueh o way that the srea of the smaller scgment
which it cuts off iz equal to the area of the triangle BGU. If
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8 ig the radian measure of ZAOB, show that sin g = 18,
Bolve this equation graphically, and show that / AGB = 108.6°
approximately.

30, From one end A of the diameter AB of a semicircle a
chord AP is drawn to divide the area of the semicircle into
two equal parts. Show that, if ZBAP == ¢ radiansg,

€08 {47 — 20) = » — 20. N
Bolve the equation cosw — 4 graphically, and hence.ﬁﬁd\
approximately the size of ¥ BAP ig degrees. O
Ang.  23.8°, \ s

31. The area of the minor segment cut oft by aehord AB
of a circle whose centre is 0, is three times thé @res of the
triangle AOB. If the number of radians in JAYE is x, show
that sin 2 = 1, and detormine by a graphicAliethod the sizo
of LAOB in degreos. AY; :

_ Ans. 141-8° 7))

32, BU is a diameter of & circle whos}centre is Q. A point
A is taken on the circle such that\ the areas of the minor
sogments cut off by AR and. AC ate in the ratio 8:1. If x
ig the radian measiire of £0Q8 show that sinx = 2 — n.
Determine /COA in degrees«td the nearest tenth of a degres.

AnES 7230,

33. In a circle whose ‘entre is O, the chord AB and the
dismeter CD are pavallel and in the same sense, and the
smaller segment cuboff by AB is equal in area to the sector
BOD. Find app@xima,tely the size of /AOB,

A\ Ans.  97-8°,
3¢. OA and'OB are perpendicalar radi; of a eircle, and C is

- & point on #héshorter are AB such that the ares of the ssctor

BOC is tWick that of the segment cut off by AC, Determine
the 31z £ BOC approximately.

\Y : Ans. 255°,
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CHAPTER V
ORTHOGONAL PROJECTION

§ 1. Directed Lines

OwE direction on a straight line may be chosen arbitrarily A\ ¢
ag the positive direction ; this direction will be. indicated .3 ~D
by an arrow-head. The opposite direction is then the\/
negative direction. Lengths measured in the positive
and negative dircctions are positive and negative gespec-
tively. In Fig. 1{a), AB is positive, BA negative{ whilc in

Wg. 1(5), AB is negative, BA positive. In a]l\qases
BA = — AB. D

The co-ordinate axes in analytical gE}Qﬁith'}’ are cxamples
of directed Jines. N

@

T L.

x:\"' .
THE%{EM‘I.——If A, B, Care any threc points on 2 directed
line A wul
N\ AB — OB — CA.
~ Base I Yot AB be positive. There are then three

\ possible arrangements for ‘A, B, and G, as indicated in

Fig. 2(a), (b}, and (o).

_Infa) AB = OB — CA;
in (h) AB = AC + (B = (B — CA;
and in () AR = AC — BC = OB — CA.

Thus the theorem is always true if AB is positive.
il
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Cas I1.—Tet AR be negative ; then BA is positive,
Hence, by Case I,

BA =CA - OB
and therefore

AB:—BA:CBmOA,
80 that the formula holds in al) cases,

B
c
A
&) 7. \d
Fra. 2, ~A\

Tueormm I1.—IF 4, B, C, . ., M, N are any points
(arranged in any order) on a dirccted line
AB - BC + €D + .0V LM + MN = AN.
For, if O is any poin?gj’ii ‘the line,
P

p p
Frg, 3.
-+ LM 4 MN
=08 1 00+ 0D 4. | .+ OM 4 ON
—O0A-0B—-0C—-.,  _onL_ oM

- =0N — 0A = AN,

—AB + BC 4. «+ LM + MN + N4 =0.
veen Two Directed Lings.—1f OX and OP are
two directed lnes the angle that OP makes with OX, that
Is, the angle traced out by a radius v,
about O from the initial direction OX
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(P, is called the angle XOP. From Fig. 3 it may be seen
that there is alwaye one positive angle XOP less than four
right angles, and one ncgative angle XOP numerically
less thau four right angles, and that these two angles differ
by four right angles. Al the other anglea XOP may be
obtained from either of these by adding or subfracting
multiples of four right angles. The eguation .
(\)

/POX = — LXOP N

is always true, provided that the angles referred fo\aré
those which are numerically equal. A 3

R
§ 2. Orthogonal Projection <o

If A’ is the foot of the perpendicniar fyefe/a point A on
a directed line X'X, A’ is said to be thevorthogonal pro-
jection of A on X'X, If A" and Bflare the (orthogonal)
projections ¥ of two points, A an(’i.:B';(')f a directed line, on
X'X, A'B’ is the projection of¢the segment AB on X'X,
The line X'X is called the amis\gf projection.

TFor instance, if P is thepoivt (z, ) in the co-ordinate
plane, and O the origin,the projections of OP on X'X and
Y'Y are  and y, regpestively.

From the dcﬁni%’qns of a cosine and a sine, these pro-
jections may be bxpressed as r cos § and r sin 4, respectively,
where / XQPe24 and + is the length of OP. -

Nole. —Tgddbbreviation  Proj.” will frequently be em-
ployed f({f\" Projection.”

TH}SQ’B‘EM I—
o >roj. of 34 on X’X = — Proj. of AB on X'X,
A¥ort T Proj. of BA = B'A',
TN Proj. of AB = A'B,
N/ and B'A' = — AR

. ¥ In what follows the word * orthogonal ” will be omitted, as
this is the only type of projection with which we are ‘concerned,
Ifi will ba Further snssurmed that all the points dealt with are co-
planar, o
. T Where there iz no dubiety regarding the axis of projection it
B 10t necessary to refer to it.
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Tawporem IT.—If A, B, C,. . ., L, M, N are any points
whatever, the sum of the projecticns of AB, BC,.. .,
LM, MN on X'X is equal o the projection of AN on X'X,

For, if the projections of A, B, C,. . ., Nare A", B, <,

., N, the sum of the

b projections of AB, BC, . . .0\
. MNis .
N AB £ BC +... ()

+ M'N' £ AN,
by § 1, Theorem ITyand this
is the proj ect.iori; of AN.

COROLLARY-The sum of
. the projections on any
F c directed\line of the sides,
Fre. 4. taken i order, of any closed
pelygon, is zero.

Nole.—The sides of the olygon may intersceh, as m

Fig. 4. o

TemoreM IT1.—The piojections on any dirccted line
of two straight

lines which are a~_ : B
equal, parallel{
and measureddh,’
the same(direc-

tion, are gqual.
NottlTho di-
rectjans’ of paral-
lel\“lines can
A’%B" compared as
o) Mollows, Let AB
(N and CD (Fig. 5)
\ ) be two such
lines, and let a
straight line cut Fre. 5.

them in P and Q respectively, Let a second straight line
drawn parallel to PQ cat them in R and 8 respectively.
Then the segments PR and QS are said to be measured in
the same direction, Two straight lines which are equal,
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parallel, and measured in the same direction are gaid to he
equivalent. Thus, if ABCD (Fig. §) is a parallelogram, AB
and DC are ejuivalent, and AD and BC are also equivalent,

[

B
Fig. 6.

The theorem may be proved as follews. Let AB and
CD (Wig, 7) be the two equivalenflines, X'X the axis of
projection. Draw pcrpendicul@rsﬁﬁA’, BB, CC, DI to
X’X, and throngh A’ and C:u}li::afw lines parallel to AB to

8

¥ra. 7.

meet BB’ and DD’ (or these lines produced) in L and M

respectively. Join LM.
Then A’L and M, being equivalent to AB and CD, are

equivalent to each other, Thus A’C'ML and consequently
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B'D'ML are parallelograms, so that A’CY and BT, which
are both equivalent to LM, are equivalent to cach other.
~ Hence :

A'B 4+ BC = A'C' = B'D =B 1+ O, -

and therefore A'B =D, O
from-which the theorem follows. o
Note.—These theorems still hold if the points 3ufl Hiles
are not coplanar. In the proofs the perpendiculars to
X'X should be replaced by planes perpendicylan to X'X,

and in Theorem IT1 AL and (M meet the @crpéndicl:iar
planes through B and D-in L and M, <~

TrzoREM IV.—Yf AR is a segmeni™di*a directed line,
and if the directed line makes an ap&\}e:e with the directed

N ) M
/’/é \ : /.’A
p ol
M \ N .
T ¥ 4 N\ X i "/O x
X 0 RS /
W@ ®)
\ Fra. 3.
hne%'bx the projection of AB on X’0X is equal o0

ABGos 6. :
SoLase 1. —Let AB, as in Fig. 8(a), (4), be a positive seg-
\, ‘ment of the directed line MN. Draw OP parallel to, and

8" in the same direction s, MN and equal to AB. Then,

~O7 sinee 2XOP — g,

N Proj. of AB on X'X = Proj. of OP on X'X
= OP cos 8,

sine, OP being positive,

= AR cos 4. :
Note.—8ince cos (§ | 5 . 360%) == cos 4, where 5 is any
‘integer, the theorem is true for any angle XOP,

trom the definition of a a0
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Casu IT.—Let AB be negative : then
Proj. of ABon X'X = — Proj. of BA on X'X
= - {BA cos f), by Cage L.
= AB cos 6.

CororTaRy.—IT A is & segment of MN, a directed line
which makes an angle 8 with. the directed line X'0OX, and
if Y'OY is a dirccted line drawn so that angle XOY is a A«
positive right angle, the projection of AB on Y'OY is equal ™
to AB sin 8. g W

The angle made by MN with Y'OY is — 907 + 0 “for
o radius-vector with QY as initial position after refé’}ving

>y

¥

< Fia. 9.

through axﬁ\.é'-i‘lgle — 00° attains the direction QX ; on
revolvi ag}Hrough a further angle 9 it is parallel to and in
the gAme direction as MN.
"\H’énee, by Theorem 1V,
”\; Proj. of AB on Y'OY = AB cos (— 90° + §) = AB sin 8.
Alternatively, this result may be established in the same
way as Theorern IV, it being noted that, by the definition
of the sine, the projection of OP on Y'Y is OP sin 8.
Eeample 1.—Consider a regular n-sided polygon (Iig. 9),

With mides of length I, and let the posttive dircgtions‘ of @ha
sides correspond to the positive {counter-clockwise) dircction
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of tracing the polygon. Let one side make an angle « with -
X'0X : the other sides, taken in order, make angles o -~ 2a/n,
ot dafr, ..., 2+ 2n~ Ds/m with X’0X. Then the
sum of their projections on X'0X is

Icosm+£cos(a—]— %) + { ecos (a—f-%:-r) + ..

5 9 N
4 fcos { @+ @J’—ﬁ?}g

2 N
¢\

so that, by Theorem II., corollary,

G608 & -} COB (a: + 2‘5) -+ cos (u + %‘T) e ‘,"}‘:\".

+ cos {oc +(—¥E&:&r} = b

NSy "

Bimilarly, by projecting on Y'OY, it caun‘be‘ :shown that
BN « -+ sin (0& +2T:)—I—Sin (ot-{-‘j;:‘x;—}— e

Sin far 2227} o
Bxample 2.—Take one side ¥fa regular seven-sided polygon
88 s-axis, and the mid-pointyof the side as origin, and prove,
by projecting three sides ori*the » and y axes, that,
{i) 00327??-}-0034-,?—” + cos 672 = — 4

o ’.i:.ﬁfr . dm . B E:4
(11}\Sm W + sin. 5= + sin - = % cot 13
Ezampld 3—OPQRS i a regular pentagon, O being the
origin,sandd /XOP = A. Prove by projection that
cos Aycos (A -+ 72°) + cos (A — 72°)
'S = cos (A& | 38°) + cos (A — 36°)
‘\'\\E’mmpte 4—P, A, B, C, ..., M, N are »n + 1 points
A taken in order on the eireumference of a eircle of centre O
s and radius v, such that the arcs PA, AR, BC, ..., MN
#\\/  all subtend equel angles B at O. If 8 < 2a/n, show that
\ } PA = 2rgin }f and that PN = 2r sin ing.

¥f P is the origin, and / XPA = ¢, prove, by projecting on
the x and » axes, that

(i}ain%ﬁ{cosa=+cos(rx+ﬁ)—1—cos{ac+2ﬁ]+... .
+ cos {o -+ {n — 1Al
= §in (gﬁ) cos (oc_ + f'";—]'ﬁ ,
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(i) sin 48[sin « + sin (a4 8) +sin (@ +28) +. ..
- + sin {a + (n — DE)

() o (= +257)

§3. Traverses

N

A set of straight lines OA, AB, BC, . . ., MN in the {z, %) ()

plane, taken in order, are said to form a traverse, Theo\ ™
length and ditoction of ON can be determined by projecting”
OA, AB,. .., MN on the x and y axes, and ap}_{lj'mg
Theotems IT and IV of the previous section. The dirgetions

OA, AB, . . ., MXN are usually taken to be positive.

Y1 : RNV
C R
Z ' ¢
B A
\//'A v:i : A
7 S5
X 0 R X 0 X
..\
O
Yl] \ \\ YI
(@) (8
PN ¥, 10,
Em-mplé\ff—(ﬁonsider the traverse QABC (Fig. 10(a))
Where\i“\;“
(ROA = 25° 12, LOAB = — 38° 15, LABC =64,
% 0A =13, AB = 23, BC = 8.

) Draw 0A/, OB, OC (Fig. 10(b)) parsllel to OA, AB, BC
/ res};ecgsive]y, and determine the angles made by these lines
with OX.

LXOA
ZAOB

L XOA = 25° 12
180° — £ BAO
1807 — 33° 157 = 146° 45",

Therefore  XOB'= /s XOA' + LAOB = 171° b7/,
7 O = — (180° — £ ABC} = — 116%;
g0 that ZXOQ = £XOB + LBOC = B6° 87

('t
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Lot OC =», /XOC =¢; then, by § 2, Theorems TI. and v,
the projection of OC on X'X is

7 e08 & = sum of projections of QA, AB, and BC on X'X

13 cos(25°12") 4 23 cos (171° 57°) -+ 8 cos (55° 57')

13 % -00483 + 23 x — 09014 + 8 X -85402

F1-7628 — 22.7732 + 44794 A\
— 6-5310.

o

Sifmﬂarly, by projecting on Y'Y, it can be shown thates \)

r gin ¢ 18 sin (25° 12°) 4 23 sin (171° 577 4 8sin (5‘:}{J 57°)
13 x 42578 + 28 x 14008 + 8 x -828543

5-5351 + 32207 4 6-6284 N

-= 15-3842, - ¢

Thus & is the angle in the socond quadrang$or which

15-3842

6-5310%)

log 15-3843— log 6:5310

1-18708 % -81498

B372L1)= log tan 67° 0,

180°.Z 67° 0’ — (12° (',

I

tam f = —

so that log tan {180° — #)

Ty

and therefors 9
Again, _ N
log# + logsin 118320 = log 15-3842.

80 that Sog r = 1:18709 — I-06403
Y = 1-22306 = log 16-71.
Thus A * = 1671,

Note.—The ang;'is\s which AB and BC make with OX might
be found as fallows.

Simee QA mikes with OX an angle 25° 12°, AQO malkes
with OX. e angle 25° 12° 4 180° == 205° 12/: but s OAB
= — 380H’; therofore AB makos with OX an sngle 205° 12’
— 331 = 171° 57,

.qr;\ze. BA makes with OX an angle 171° 57 + 180° =

Q{l 577: but / ABC = 64°; therefore BC mules with OX an
angle 415° 577 or 55° 57,

% Eromple 2,—A circle touches the a-axis at the origin O, and

W) cuts the y-axis again at a point C above the origin; A and B

\ ™ are pomts on the cireumiferenco such that the order O, A, B, C
s counter-clockwise. 1f /AQC = 9, ,OCH — é, find the
angles which AT3, B( make with OX, and show that

@sin @ + bsin (0 — ¢) — o s5in 4,
@ eos 8 + beos {6 — ¢ 4+ ecos 4 =d,
where a, b, ¢, d are the lengths of OA, AB, BC, QC respectively.
Ang, éw-—ﬂ—l—rﬁ,é—ﬂ'-{—dh
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EXAMPLES V

1. Prove the identity
sin A 4 sin (A 1 ) +sin (A + iy =20
by projecting the sides of an equilatersl triangie.
9. The gide BC of a positive triangle ABC makes an angle
§ with X’X. Prove that
acosﬁ:bcua((}—-B)+ccos(B+B). A\
Deduee that in any triangle ) \' ‘\
asin A — bsin B == ¢sin (A — B). . \J
3. The base T3¢ of an isosceles triangle ATBC makes an apgl'q 4
with n straight line BX. 1f /DA€ -= 24, prove, By, \pro-
jeoting tho sides of the triangle on BX, that ~
S ain ¢ cos = sin (¢ + &) T sin (¢ <@/
4. Prove that, if § and y are positive s,nglegdless than two
Tight angles such that Kes)
cos o -+ cos (a + B) + cos (x A B ) =0,
and sin o + sin (e + g} + sin (& vt v) = 0
then B =y = §m N ¢
5. I’ and () arc points in the coerdinate plane such that
/XOP = 132° 145 0P = 5§ units;
JOPQ = — 1534 PQ = 12 units.
¥ind the length of 0Qghd the angle which 0Q makes with

OX. R
Ang. 131, — T4° &L
6. I OA = 10, XOA — — 32°, AB = 20, ZOAB =54,
%1(1 the co-ordifiapes of B, the lerigth of OB, and the angle
OB. £ ¢$~
\Qs S 10-06, — 12:79, 16-27, — 128° 11"

7. I OW= 7, /XOA — — 118°, AB = 10, ZOAB = 2%,
calculsts/the co-ordinates of B, the angle X0B, and the
lcngt-h\of OB,

"\J“’o Aps.  — 2:24, 3-76, 120° 46", 438
) 8. From the following data, OA =15, /XO0A = 123°,
\J AB =19, L0AB =172°, BO =32, /ABC = 24°, CD = 25,
/BCD — Z 48°, calculate the co-ordinates of D, the angle
XOD, and the Tength of OD. :
Ans. 10-0%, — 650, — 33° 13/, 11-86.

0.7 OA — 10, AB =20, BC =5 ,XOA =100
/0AB — 55°, /£ ABC = 82°, find (i) the projections of OC
on OX and OV, (ii) the angle XOC and the length of OC.

Ans. (i) 12:27, 6-64, (i) 28° 26', 13:95-
]
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& ns.

ad

&

0N
N\ oo
R 3
3

O

10. The data of a traverse are as follows : / NOA = 10° 39,
LOAB = —47° 23, ABCQ = — 34° 247;  0OA = 105,
AB =43, BC = 197, Determine OC and 2 X000,

Ans, 194, — 37° 51°.

11. ABCD is e quadrilateral with AB — 4, BOC = 27,
CD =15,  ZABC = — 135° 15, ABCD = — 13° 1%, Ca.l-,\
culate the length of AD and the angle BAD.

Ans, 19, 35° 56,

12. Lanark is 11 miles due east of Strathaven. Ralhzate
Les 187 east of north from Lanark, and 18 miles ’fﬁ)m it.
Wishaw lies 40° south of west from Bathpate, and 14 miies
from it. Find the direction and the distance of Wishaw from
Strathaven, O
Ans.  40° 1’ east of north, 812 .mi}es.

B3. A man surveying a road moves from A, a distance 6:7
chaing in & direction 56° east of southathen 5-3 chains in a
direction 42° east of north, then 57 dliéi_ns in a direction 30°
west of north to B. Find bhow.farvand in what direction
B iz from A.

_ Ans.  8-085 chaing, \89° 22’ N. of E.

14, OATICO is a quadﬁla.te}:al, tho vertices being named i
counter-clockwise order, And O is tho origm, Given that
OA =8, AB = 11, BC =5 units, 2/ XO0A — + 27°, and Lhat
the internal angles of thelquadrilateral at A and B are numeric-
ally equal to 76° andN\pg® respectively, calculate the length of -
OC and the magpifude of the angle X0OC.

(MAns.  10-16 units, 114° 56",

15 A qqaéi\latei'al ABCD represents the section of &
railway cufting, normal to the Lne of rails. AT is the hori-
zontal battormn, 20 feey long ; BC is 40 fect long, DA 25 feet
long, axfl /CBA = 145°, /BAD = 150°. Caloulate (i) the
a%’\laé\‘sf slope of the hillside DO with the horizontal, (1i) the

tatice D,

" 7° %, 85 feet.

16. A circle touches the @-axis at 0, and intersects the y-axis
abave the origin at B. A isa point on that part of the eirele
which lies t¢ the right of OB, and the tangents at A and B
meet at ‘L. If the angle AOE is 4, find the angles which the
directed lines OA, AT and T make with OX.” The lengths
of OA, AT and OB are @ t and d respectively ; show, by pro-
Jetting on. OX end OY, that
() esin § — 41 L cos 28y =0,

(ii) coos 8+ fgin 28 — o,
Anas, %11—-9,11-—23,17.
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CHAPTER VI
ADDITION THEOREMS

§1. The Addition Theorems N\

Tre theorems on projection established in the previoua. A
chapter will now be employed to give a proof* of the{’\)
formula : ‘

cos (A + B) — cos A cos B — sin Asin B, (D)
valid for all values of A and B. Two figures (I(a);f\(&)} arr
-\

P p \/

—¢
o

\{1
.(a.i:: Fro. L %)
~ given, hut(thé reader would be weil adviscd to draw dia-
gl’ams.fgil':})ther values of A and B, _
In'the wy-planc let angles XOU and TOP be equal to A
and\ B respectively. Take new rectangular axes U'ou,
N0V such that £ UOV is a positive right angle. From
M, o point on OP, draw QM and QN perpendicular to
N/ U0OU and V'OV respectively. Then
/X0P=/X0U+ /UCP =A+ B,
g0 that, if OQ =r, .
Proj. of 0Q on X'X == r cos (A 4- B).
* An alternative proof will be found in Chap. IX%, §8.
33

e
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But  Proj. of OQ = Proj. of OM 4 Proj. of MQ
= Proj. of OM -+ Proj. of ON,
by Chap. V, § 2, Theorems 11 and 111,
Now OM and ON are segments of the directed lines
U'OU-and V'OV which make angles A and A -F 907 re-
spectively with OX.  Hence (Chap. V, § 2, Theorem IV}

Proj. ot OQ on XX = OM cos A + ON cos (A -+ 90°) ¢

== {Proj. of OQ on U'U) x cos A
=+ (Proj. of OQ on V'V) x cos A%"BO“}
== 7¢os Bcos A + rsin Boos (A + 60°). “.‘ b

Thus  ¢os (A + B) == cos A cos B —-alnAs@\B . (1)_

The addition theorem for the sine _
sin (A 4+ B)—QIHACOSB+%ASIHB D)
can be proved in just the same wa,&hy projecting on the
y-axis instead of on the z-axis. Fhus
rsin (A 4 8) = Proj. of OQ on oy
= Proj. of OI\rIon"Y’Y + Iro). of MQon Y'Y
.= Proj, of OM ou Y'Y + Proj. of ON on ¥'Y
= 0OM sm'A~|— ON sin (A + 90°)
= (Proisot 0Q on U'TH x sin A
5 {Pr0] of 0Q on V'V} x sin (A 4 90°)
= ?‘*G}OS Bsin A + »sin B sin (A - 90°)
from which % 2) {lows.

Note. —Formuls
(1) and (2) can be
deduced from “each
other by putting
B-+9° m oplace
of B,

Modified Proof for
the Cogine.—The fol-
lowing meodification
of the proof in the
case of the cosine Is
due to Dr. James
Hyslop,

N
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et U'OU and OP (Fig. 2) be directed lines such that
/XOU = — A and /XOP= B. Then AUOX = A,
so that /TOP = /UOX + /XOP=A -+ B,
and / U0Y = /U0X 4 £X0Y = A L 900,

From Q. a point on OP, draw QM and QN perpendicular
to X’X and Y'Y respectively. Then, if OQ =1,

Proj. of 0Q on U'U = r cos (A + B) ' N o
= Proj. of OM on U'U + Proj. of MQ on U'U X )
— Proj. of OM on U'U + Proj. of ON on U'U O

L ¥
R
N

= OM cos A + ON cos (A 4 950)
= {Proj. of 0Q on X'X) X cos A K7, N\
+ (Proj. of 0Q on YY) X cog 4\ 90°%)

=7 cos B cos A + rsin B cos (A + 90°). ’

30 that x.\\;
cos (A 4 B) = cos A cos B — &18/4 sin B.

Addition Formula for the Tcmgem‘.t—tf‘mm (1) and {2) it

follows that \ o

tan (A + B) =

7
<

¢n (A +B) @M AcosB+oosAsinB
cos (A + By\ “cos Acos B — sin Asin B ’

hence, on dividing mumerator and denominator by
cos A cos B, wo have
(\J tan A - tan B v
ta. - ——— . B &
:“.(x\\* B =i tanAtanB @)
Difference(, Formule.—By replacing B by — B in (1),
(2) and (3,9 can be deduced thab
b3 (A — B) = cos Acos B 4 sin Asin B, . (4 -7
Q*" sin (A — B) = sin A eos B — cos Asin B, . {8 .-
o\ : tan A — tan.B -
N & 7 — = T .- ° 6) v
e N o (A —B) 1+ tanAtan B ©)

O
) Ewample 1.—With the aid of the equality 157 = 45" — 30°,
prove that
o 2
{i) sin 15° = %—2( V3 1), (i)eos 15° = —‘f—L—(\IS + 1
(iii) tan 15° = 2 — /3.
Erample 2—Ii A + B 4 C == 0, show that
tan A + tan B + tan G stan_Ata.nBt-anC.
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Egample 3.—Show that
(i) cos 8 - sos (§ - 120°) + cos (8§ — 120°% == 0,
(i) sin (A 4 B) + eos (A — B)
= (sin A 4 cos A)sin B + cos B),
{ii) sin (A 4 B)sin (A — B) = sin? A — sin® B,
(iv) cos (45° — A) cos (45° — B) N
—sin (46° — A)sin {45° — B) = sin {A | ]:1).

Ezample 4.—Prove that ::\“"\'
(i)cot(A+B)=00tA00tB_l ’;‘“\;

cot A L cot 3’ A\
.. cot Acot B - 1 N 3
() cot (& — B) = 0t B — oot A0

oy _ 1 4 tan A,
(tii) tan (A 4 45°) = p—"

. roy _ bAD é}mé"l
(v} tan (A — 45°) = m,
() tan 75° = 2 4 /88

Duplication Formule.—When Bis equal to A, formule

(1), (2}, (3) become o
cos 2A Seos? A —sinA, . . (7)
sin 2A= 2 sin A cos A, . . (8
2 tan A ‘
- cana .
e (9)

From (7), by\bsiijoying the identity cos® A 4 sin? A == I,
it can he deduced that :

N e0324 = 2052 A — |, - (19)
and N cos2A =] — 2sin2 A, . . (11)
\Q}s’ﬁequenmy found useful to write (10) and (11) in the
.f(i}ma
AN | oopr A — LT cos24 (12)
~O 2
and gin? A — 1_0..__;?& CLas)

If cos 24 is known, (12) and (183) may be employed to
obtain cos A and sin A. The sign of the cosine or sine is

Ef course determined by the quadrant in which the angle
ed.
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Ezample 5.—By means of {12) and (13}, prove that

(i) oo 15° = ﬁ( V3 1) (i) sin 15° = lf( V3 —1),

" (iii) eos 223° ‘/{2 TV vy sin 22° = V(2 — v2

2
Baample 6.—8how that
. sin 2A l 1+ cos 24
sn A = ————5% A =
b) tan 1 + cos 2A° (if) cot? A . cos 2A° ¢
Ezample T.—Solve the equakion . ‘l“\,
cos 26 +sind +1=0. &N
Using {11), we can write this as a guadratic in =in ﬁr ’
2&:1n*3-—3m|9-2—-0. "*,\
Thiz gives v/

sin g — LF ‘/(”) ~ 1:28078 or \sms,

and from the second value it follows thabx
_ =, 180° — (w 1)"51u 20,
Brample 8.—B8olve the cquahon
cos 26 + co&ﬂv-— 1=0.
Aps. 0= r360° & 38° 40',

[By moans of {10) exp\rebs “the equation as a quadratic in
cos &)

Expressions fo er '2A and sin 24 in lerms of tan A.—
Formulee (7) and (8) may be written :

mS‘A—sm A 2ain Acos A
e N T ————— — ——
608 21&.\;. cos® A + sin? A sin 24 cos? A -} sint A

%"\e‘h case divide numerator and denominator by
€0s and so obtain the important formuls :

1 — tan? A

NS oos 2A = . . (14

2tan A

gin2A = ———— ¢ - .. B

1+ tan® A

__ tan & + tan B
Ezample 8.—If tan @ = g I tan e tan §

gin 2x + sin 28
1+sin2asin2£'

show that win 28 =

N
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Triplication Formule.—Since cos 3A = cos (2A + A),

_”"008 BA = 008 2A cos A — sin 2A sin A

LT = (Ze0s? A — 1) cos A — 2sin A cos A . gin A
= (2cos? A — ljcos A — 2cos A (1 — cos? A),
and therefore cos3A =4 cos® A — Jcos A
Similariy A
N\
sin 3A = sin 2A cos A + cos 2A sin A o\

=2sin AcosA.cos A 4 (I — 2sin3A}§3'i;1&'

= 2Zsin A (1 —sin? A) + (1 — 2sin? Afania,

so that 8in3A =3sinA — 4sn% A i '\:'\.“ Y V)
Example 10.—TFind the value of sin 18%. ‘W
We hava A\J/

08 (3 x 18°) = cos §4° == sin 362 '&'sin (2 x 18%),
Hence, 4 cos®18° — % cos 18° = 9/80T 18° cog 18°,

or cos 187 (4 5in® 18° 4 28vi8° — 1) = Q.
. Y o i
Thus, sin 18° =~_»?_’..~];I_'\/2.

But sin 18° is positive ;, {hereiore
sin 18° — -1/%_—1

AN
Ezample 11.—-8how that cos 36° = (/5 L+ 1)/4.

.[Use the egufition sin (3 X 36 = ain (2 x 36%, or deduce
the result from Example 10.]

The dpwérse Tangent.—The addition and difference
formuisa~for the inverse tangent are

i”\‘"
-\\\“' tan—lg + tan-ly —< tan-t 2+ ¥ . (18)
) — xy
¢ { . tan=1p — fan—lo — tae_1 & — Y
~O and tan=3z — tan-'y — tan 1m X .1

These can bs deduced from (3) and (6) as follows: let

o = tan—1g, B =tan1y;
then tan _Fry o z—y
e+ 8 l_xy,tdn(m ,a)quwy,

. (18) AL
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80 that
@k = t-an-lfj—;;, w—f= tan“lx_:;;,
from which (18} and {19) follow.
Example 12,—Show that
tan-} + tan & 4 2tan-1} = E . '\:\;
Example 13.—Provo that O

fi) sin—' x 4+ sin 'y = sin ! {£4/(1 — ¥} + y+/(1 -—m’}},
(i} sin~1% — sin1y = sin * {z4/{1 — ¥’} — ¥4/ (1 = xﬁ)}',
(iif) cor' » 4+ cos~'y = cog! {zy — /(1 — 224/ @ & ¥4}
{ivicos'z —cos 'y =cos! foy 4+ (1 — x’)\/}l —y*h

§ 2. Addition Theorems for any Nu.ng.b‘\er:of Angles

Let T, (» =1,2, .. . n)denote the.sfuﬁ‘ of the products
of &, 8y, . . ., ¢, taken r at a time, wheve §, = tan 6, ; then
cos (4 8, + . . .+ 6,)

=cos f cos f,. . . cos Ipfl — T, 4+ T, - g (20)
sin (9 4+ 0,4 . . .48 8N
= cos 0, cos& . 0038 (Tl——T3—[~'1'5~—- .2
— T, 4 T,
tan (8, 4 6, + . .. +§n] 1_T+TF‘__ (22)

Formula (22) follows immedistely from (20) and {21).
These will be;és%'a,bﬁshed by the method of mathematical
induction,

Asaume:&na,t {20) and {21) are true for the sum of # a.moles

then.§
00&@ + 8, + A0+ ) .

=cosf cosf,. . cos 9n+1{ (T, — Ty -+ Ts —
=cosfeosdy. . .coaf,,, (1 Ty +T —. . )

where T,/ (r =1, 2, ., % -+ 1) denotes the sum of the
products of &y, £y, . . ., Iy, taken ¢ at a time.

N
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Again

S0 (6 + Oy 4 . .+ 8, + 0,,)
=sin{d, + 8, +.. .4 8,)cosf,,
teos{f+8,+...+8,)sind,.,

8. cos 8 0sg. J@M—T+ T, — ) }~\
= cos 10086, . . . cos 8, PO, T — ‘”,"*f )
=cosbcosfy. . cosf,,, (T, — Ty + T, —. . :),.\ v

Thus, if (20} and (21) are true for the sum of \n.dngles,
they are also true for the sum of n 4 1 anglqa,j But these
formule are true when = is equal to I or 2 :_leice they hold
for ali values of n. U

CoROLLARY.—Just as (18) was dedu%:fl from (8}, so from _
(22) can be deduced the formula , x\\

tan~lg - tan-1¢, 4. ., x\
-+ tan-1¢ -— tan*li‘i — Ty + Ty — LI (23)
TN T, 4T, —
Brample—Ii A + B £6 = 80°, prove that
tan Atan B 4+ Yan B tan ¢ 4 tan C tan A = 1.

Huliiplication Kormule—If in (20), (21) and (22) the
angles are zll ;Q‘t,éqaal to B, these formule hecome

cos nff = cps"‘\9(1 —"Cytan?@  "Cytant § —. . ), (24)
sin 28 =Qo8* § (*C, tan § — (., tan? §
:"\" ) ’ 3 + HCS tanaal‘— L ')} (25)
O " tan 8 — a0, tan 6 4 70 tans 4 — . . .
_ 1 s 5 L, (26)
’t\{n}m 1", tan? 61 »C, tand 8 —"Cgtan® 64 . ..
- .\ Where, of course, # is positive integer,
'n\: \ )
O~ EXAMPLES VI

1. Establish the identitics

(i) eosAain(B—-O)+cosBsin(C—-A)

4+ cosCsin(A —BY =10,
{ii) eos (36° — A} cos (36° - A)

+ 08 {B4° — A)cos (547 - A) = cos 2A,
(iif) sin 70° cos @

= sin 81° cos (49° + §) + sin 49° sin (20° + ).
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2. T{ &, B, © are the angles of a triangle, show that
cosBeosd —sin Asin(f + C) —cosCoos{# + B 4 C} =1

3. WA - 4-C =180 and =in A + sin B cos C = 0, prove
that 2tan B 4+ tan C = 0.

4, TIf gin A sin (B — C) = cos A cos (B 4 C),

show that sin Csin (B — A) = cos Ccos (B + A).

5 If cos Bsin (e — ) = sin Beos (x 4 0),
show that ecos fain (o — #) = =in # cos (& -+ B). 2,
6. Tf coe @ -=cosAcos{A — §), show that ¢ =A + fi'm
where n iz intogreal. 3 M
7. Show that ....( 9

(1) &in (A + #) cos B + cos Asin (B — 6} '\ /
= sin (4 B) cos 6,
(i1} sin (A - B) oos (C — D) - sin {A — B)egs O+ D)
=gin (A + C)eos (B — D) + sin (A, -\“C) cos (B + D),
{iii) sin? A + sin* B 4+ cos® {A + B) ,f
+ 2smAsmBeBs(A +B)=1,
{iv) cos (A — B){sin (A - B} + 13 v
= (sin A Ycos B)(eos A + sin B},
(v}ien (A + Q) =in (B + D) —‘ém (A + D) sin (B + C)
= gin (A — B}sin (D — C},
(vi) {sin (A + B) 4 cos (A + B)} '
X {sm (A —13) B eos (A — B)} = sin 2A 4 cos 2B.
8. Establish the idengity :
sin A sin (B, {0} sin B sin (C — A)
co8 A sin (B\A (;) + cos Bein (O — A4)
9. Show that("

sin? (94 DC) TS\II}B(G—FB) —2gin (#4-«) sin (&4 f) cos (ax— 8)

= tan {.

) = sin® (& — B}
y _ 8, & )
10, 1 cog (8, — 8;) , cos(fy 3 o,
f: cos {#, 4 8,)  cos{f; — &)
pro¥ethat  tan 4, tan 6, tan §, tan §, = — L.
Ll It A + B 4 ¢ = 90°, show that
sin® B 4 sin®C —cos® A tan B tan C.

cost B 1+ cos® O — cos? A
12. Tf @, = sin #f, (sec 8)*, @, = cosnd.(sec §)"., where
R=40,1,2 3,..., prove that

Yy — V=1 = — Up—1 - tan &.
Deduco that

T o T S

= cot § . (sec 8)#+{{cos 8)%+1 — cos (» + 1)8}



.m’.’
..\’ *

o\
“\\

\3

‘)
"§I§‘éduce that

92 TRIGONOMETRY [CR:

13. If 2cos(x + 6)cos (x — &) = 1, show that
1 — tan® 4
1+ 3tanz o
14, Tf the angle o is divided into two pavts, # and ¢, so that
sin § = « sin ¢, prove that

tan?x =

. . £\
. K BlO 3 .. BIT1 o
M tan b = o s ) tang = ————. A
2
Hence, find two angles whose sum is 60°, such that the\sing
of one is twice the gino of the other. . \J
_ : Ans.  40° 54, 19° 6",
16. If cos & = sec (a — B) cos (= + B — a), shdyg that
ton o — 28T @ sin B AN\
) gin (o - B}
16. I# sin (f 4 ¢ + a)seox = tan ¥ + tan ¢,

show that tan ® = tan {# + ¢){secd g,eé # — 1}
17. Show that \
tan A tan (A — BHcot A + ta,in'} = tan A — tan B.
18. If cos® B tan (A +f) = sin® B cot (A — 8),
show that tan® 4 = tan (A + B) tan (A — ).
18. If the angle A is dizided into two parts, « and g, so that
tan @« = & tan A, shcrvg that
canedN Yl — £)=in A cos A
f:?%l:ﬁ= cos® A ks A :
20. If eo 9\%6’63 (# + ) and cot ¢ == pos (z — y), prove
thet \

»

o N\oe 2 sin @ sin ¥y
N ton {§ — ¢) = cos®z 4 cosl gy
21,j{f"’A + B = 45°, prave that
\Y {1 + tan A)1 4+ tan B) = 2.

tan 224° = /2 - 1, and evaluate tan T4

ANs. (/2 — 1) /3 — 4/2).
22, Without using tables, find the value of
(1 — tan 15°)/(1 + tan 15°).
3.

Ans. 1
23. Show that v

(i) eot A — coses 24 = eot 24,
= BN (A 4+ B) +cos (A — B)
© s (47 B) T o0s (A1 5) — 0 B + tan 2B,
{iii) 2 cos® A sin {A + B} — sin 24 cos (A - I3
=5 2B cos (A — B) — 2 sin® B sin (A — B),
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(iv} sin? (A + B) — sin® (A — B) == sin 2A sin 2B.
(v} 1 —tan®JA  fan* A = 2se0 A — sec® A,
fvi) cot? & . tan® 2A — 1 = (I -+ 2 cos 2A) sce® 2A,
24. Show that =in # iz a factor of
gin § + sin ¢ — cos # . sin (§ 4 ¢}
and find the other factors.
Anz. 2sin® {6 3 ¢}

25. If sin# — a sin {2y — =), show that )
2a tan y 4
tan & = GF 1 —f(a— D'y "3 "/
)
26. I cos (¥ — 6) _ eos(x + 6 _ sin 28, K7
a b ¢ A\
prove that NS
sin ¢ COB & cos s
iy — = —=, (i) — =, Y—
a T &
a* + b" \‘“
{i11) cos 28 == Sab
27. If = rsin {# — «) and y =% sin (# 1+ o), prove that
@ -~ 2my cos 2u ‘yé&:_. #% 8in? 2.

28, Show that, if gin B = gln‘ W — sin C,
cos 2A — cos 20 —[— pos 21 =1 — 4sin AsinC.
29, Iftan 0 = cos « taa\qﬁ, prove that
N tan? o sin 2
ton (g\k'ﬁ) -1 tani; Lo cojzf;s'
a0, Show that~
T’_§LII|9—|—se:36'-—l L+ tan 38
.‘tamﬂ-—secﬂ-}-l T 1 — tan $§
31, 1f é(g(, * = cot A cot B, prove that
‘\w tan® iz = cos (A + B)sec{A — B).
32 1 tan «, tan B, tan 4 are in geometrical progression,
SFKOW that
*”; cos 28 = cos (« -+ y) sec {& — »)
<\’ 33. Prove that

1 — tan ¥
2 cosec 48 — sec 26 = 1+ fan cozec 28,
. — b
3. If tan ¢ — \/(2——!—5) . tan 1A,
ana cos ¢ = (b + acos A)fla + beos A),

the angles ¢ and ¢ being aeute, prove that ¢ = 20.
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35. If A is an angle botween 270° and 360° whose tangent is

— 24/7, calenlate as vulgar fractions the sine and the cosine
of 3A.

Ans, % 1

L

36. Find solutions between 0° and 360° for the fo]lowmg
equations.

(i} 2sin 28 = cos A

N s

. Ans, 90°, 270°, 14° 29, 165° 31%, RAY,
- () cop 2 — 48in 4+ 3 = 0. O
©Ans. 47° 4, 132° 56'. G

{iii) cos 26 4 2cos d = 1. .
Ans.  51° 50, 808° 10, ¢/

7NN
< 3

(iv) 4coe 20 — 2sind + 1. w7
Ans. 30° 150°, 228° 35, 311° 25"
{v) 16{ces 28 + =in 9)((:03 28 — sin 7
Ans.  20° 42}, 200° 423, 159?\1 3397 174,
(w)see&-3eot9—7cot29 W

Ang, 307, 150°, 194"' 29’ 3457 31",
(vil) sin 38 = 2sin 4,

Ang. 07, 180°, 3602\ 30". 150°, 2107, 330°,
(viii) cos 38 — 2 =2 005‘28

Ang, 90° ,'270°, 120°, 240°,
(ix) 2 cos 26 — sin 33 = 2.

Ans 0° 180°, 3607, 2107, 330°,
37. Bhow tha.t n\
(}.=in® A, sQ&A 4+ cos® A cog BA = cos® 24,
fii) cos3A ¥ sin 3A -+ {cos A -L sin A)}{1 — 2sin 24),
{iil) 4 ed=\A cos (120° — A) cos (120° - A} = coz 3A,
{iv) ;lrsm SA cos®* A 4 }cos BA sin® A == }sin 4A.
33\PP0VB that
O Y1) cos 8 cos 3¢ f = -—-—qm 3
= Zcospg— ¢ (i) =n Zoos 20 + 1’
R\ \and hence find the values of cos 15° and sin 15°
Ans. (V3 4 142+/2), (v/3 — 1)/(2+/2).
3%. Find all the solutions between 0° and 360° of the equa-
tion cogrcos dy = —
Ans,  36°, 72°, 108, 144°, 216°, 2.}2° 2887, 324°.
40. Bolve the squation
cos 30 eos 20 — cos § = 0,
for values of f between 0° and 366°,
Ans.  (°, 90°, 180°, 270°, 360°, 0°, 6

80°, 120°, 180°, 240°,
300°, 360°,
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Verify that eos 20°, cos 100° and cos 140° are solutions
of the cubic oquﬂ.on 8z® — Bz — 1 = 0, and hence show that
cos 20° goz 100° 4+ cos 1807 cos 140° 1 cos 140° cos 20° = —§.

42, Veut\ that sin 10°, sin 60° and sin 250° are solutions of
the equauon 8z8 — Bz +1 =40, and henece show that
gin 10° gin 50° -~ sin 50° sin 250° 4 sin 250° sin 10° = — 4,
43, Tf sin® x sin }» = cos® x cos 3x, prove that
3cos fx 4 econfx = 0.
44, Prove that
sin 36 — sin # sin® 24 R R
gin # + sin 28 cos & N

45. In a circle of radius r inches, chords of lengthe a;'and b
inches subtend angles ¢ and 38 respectively at tha\clrcum
ference. Show that

,-,_a\!( a—b) ,*'.\\'
46, Show that the quedratic "\

x?sin A sin 3A — 2x cosAam 2A 41 ]
vanishes for 2 = cosec A, and henoe ﬁnd the factors of the
expressmn
Deduce the solutions of the eguatlon
. 4{sin & =in 34 -:cbs?sm 28 +1=0,
giving all roots between §%and 360°
Ans. (wsin A — })(wsin 3A — 1); 30°, 150° 10°, 50°
80°/ 170°, 250°, 200°,
47. Show that fan 3A(1 — 3tan* A} = 3 tan A — tan® A, and
employ this relgi»tipri to solve the equation
Z (5-457)% — 37 + 1819 = 0.
Ans, ta}r (20" 24’) = 37190, tan (80° 24") = 601236,
4 tan (140° 24} = — -82727.
48.~ﬁ\tan 3A/tan A = k, show that sin 3A fsin A = 2&/(k—1),
andsthat b cannot lie between 3 and 3. :
"\49 Show that

\ ) cos (m 4+ 1JA = 2 cos A cos mA — cos (m — 1)A,

end hence express vos 44 in & series of powers of cos A.
Ang, ScostA —8cos?A L
§0. PQR is sn isosceles trisngle whose equsl sides PQ and
PR are at right angles ; 8 and T are points on PQ such that
Q8 = 68P and QT = 2TP. Prove that

2/PRT + /PR8 = LPRQ.
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51. Show that

(i} 4{coat (0 3 45°) + cost (§ — 45°)} = 3 — cos 48,
{ii} 8(sin® & + cos® ) = 5 4+ B cos 44,

52. SBhow that, if A + B 4+ 0 = 1807,
cot A 4 cot B + cot JU = cot 1A cot 4B cot 1C.

53. Prove that, if «, 8, y, 8 are four non-coterminal roots

of the equation O

ases ! +beosec & +¢ =0, ',.‘\f\\“u
then o + 8 -+ » 4 § == (2n + 1}m, where n iy an intoger\/
54, If «, B, y, § are four non-coterminal values of ¢ Satisfy-
ing the equation O
008 (20 — w) =acos § + b,:"\\
show that e+ B4+ v+ 8= 2nr J-wh WV
8d. If «, B, y, 3 are the smallest positive anples in ascending

order of magnitude which have their sined é?qual to the positive -
quantity %, show that AN

4sin ja + 3sin 48 + 2sin 3y L9018 = 2901 + &)

56, With centro o peint A ong éiven circle an arc BD is
described within the circle to yatet it in B and . 1f § is the
number of radians in / BAB, show that the arc 13D bisects
the given eirele if sin 8%48 cos § = 4n. Verily that thlfS-
condition is approximabely satistied when /BAD = 1097 11%

\\ o
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CHAPTER VII
TRANSFORMATIONS OF PRODUCTS AND SUMS

§1. Espressions for Products as Sums and Differences Q

Tui formnls SO\
2uin Acos B =sin (A + B) +sin (A —B), . (I K
2 cos A sin B = sin (A + B} - sin {A — B), . A2Y
2 cos A cos B = cos (A 4 B) + cos (A — Bl 3)
9 sin A sin B = cos (A — B) — cos (A + B) & (4)
can be verified by applying the formule (1), Qi) (B) of
Chapter V1 to the expressions on the right, )

Example 1.—FProvo that RS
. ki D 3 S\ hm
2 cos i3 008 3 + cor T ,—h??sﬁ =0,

Exomple 2.—8how that 25 -+ cosA — B) is a factor of
20 _ %% cos (A — B) — Zveos?™d + B)
W\ E gin 24 sin 2B cos (A — B),
and find the remaining factors: ’
Ans. @& — 200{‘A005B,x - 2 sin A gin B.

§ 2. Expressions\féf”;Sums and Differences as Products

By expressing the angles A and B in the forms
A—}A DB+ HA—B),B=}A+B) — A B)
and appﬁlyj}lg the formulz (1), (2), (4), {5) of Chapter VI to
t.hese‘ﬂ{’lms and differences, it is found that

(Sn A 4 sinB=2sin}A+BjoosHA-B),. ()

L8 sin A — sin B == 2 cos (A + B) sin HA—B),. (8
"\ cos A+ oos B =2c08 LA + Bjeos 3 (A —B) ()
\ 00s A —cos B= — 2sin 4(A+ B) gin H{A — B). (B}

Brample 1.—Show that
() SnA 4 sin 34 + sin 5A + sin TA _ (an 44,
cos A - cos 3A -+ cos SA | 008 TA
... BinA 4 sin 3A L sin BA :
(i) cos A 4 cos 3A 4 cos BA tam 34,
7 97
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(i) gin A + 2sin 8A + sin 5A _ ain 34
" S 3A T %sm 5A T 3o A = Sin 5A"

[Ta (i) apply (.:3} to sin A 4 sin 7A and sin 3A ~+ =in A, and
(7) to cos A + cos 7A and cos 3A -+ eos 5A.]

Example 2.—8how that

SIM*A —sin?B = 08?3 — gos? A — sin (A — B)sin (A - B), )

[Express the L.H.8.* in terms of cos 24 and cos 2B, and N
apply (8): or apply the addition theorem to the R.H.S, N

Example 3.—Prove that N
sin 10° sin 50° + sin 50° sin 250° + sin 250° sin 109 = &,
.
2 X L.H.8, = cos 40° — pog 60° + 205 200° —cog'800°
-+ cog B4° — cos 260°
= —§ + cos 40° — cos 20° 4 CO8,B0°.
But cos 40° 4 cos 80° = 2 cos RG° cos/20% = cog 20°.

Hence LHS = —3 (&
Feample 4. Prove that P\% :
(i) sin 80° eog 20° - ain 45° cog 1457 4 sin 55° cog 245° = g,

(i) eos 32° gin 20° J gos 144°£0g*2" 1 sin 88" cog 56° — 0.

§3. ldentities involving tfhree Angles whose Sum is two
Bight Angles

In the following exdmples it is assumed that
KAH B 4 C = 1802,

It the angles 4rs all positive they can be regarded as the
angles of a, tiangle.

Emm{{bf.—-—ﬂ A4+ ByC= 1807, prove that
\am 2A + 5in 2B 4 sin 2C = 4 sin A sin B sin C.

_{’bn'\identity of this type may be established either by starting
with the expression on the left-hand-side (L.H.8.) and proving
(‘i equal to the expression on the right-hand-side (R.H.&.) or
else by broceeding in the reverse order, Thus, m tho above

exsmpie,
LHS. = 2sin A cog A + 25in (B 4 Q) cos B -0

_ -=2$inAcos(180°—B—'C)

. . ) -+ 2s8in (180° — Aleos (B — Q)

= 2 sin A{— o (B + C) + cos (B - )} =R.HS.:

* Lelt-hand side, 1 Right-hand side.
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or

R.H.S. = 2 sin A{cos (B — C) — eos (I + CHyy
= {gin (A 4- B — C) 4 sin (A —B+0O)
_ fsin(A -+ B + C) —sin (B + 0 — A)}
= sin {180° — 2C) + sin (180° — 2B) — sinn 180°
- sin (180° — 2A)

= L.H.8.
The student should work out & number of examples in both .
WayE. R\,
Ewample 2.-~Prove that, if A + B 4 C = 180°, O

cos A - cos B — cos C = 4 cos JA . cos 3B . sin 40 — ’1}},
LH.S. = 2 cos H{A + B).cos H{A — B) — (1 — 2sip?AC) ’
= 2 cos (90° — 3C) . cos HA — B) S\
+ 2gin 40 . gin {90° — A& Bl — 1
= 2sin 4C {cos A — B) + cos 3(A L B '—1
= R.AHS. ; . N
or ’\ @
R.H.8. == 2{cos A + B) + cos 3{A 2BYi=sin 30 -1
=sin {A + B 4+ C) —sin }{AG B — C)
4 sin}(C + A — Bjyp sin 3(C - A + By — 1
= sin 90° — sin (00° — Y\ sin (80° — B)
+ sin (90° — 4) — 1
= L.H.5. Ny
Erample 3. —I{ A + BDC = 180°, prove that
sn® B + gin?2 € sin? A = 2sin B gin C cos A.
LH.S. = {1 ~ cos®B + 1 — cos 20) — sin? A
cos? A cos (B + Geos (B — C)
— cogdcos (B 4 0).+ cos Acos (B — C} = R.HS.
A/ '
xt\’"" § 4. Miscellaneous Identities

7\
Fxomple 1.—-Establish the identity
L <leok® o — cos? B — cos® y -+ Z 008 o 008 Beosy
,,\n:' = 4zin esin (o - a)sin {o —,B)S].‘El (o0 — y),
\ohere 20 = o + 8 + 7.
\ ) LH.8. = — §(cos 2a + cos 28) — cos®y
4+ {eos {& + B) + cos{x — f}cosy
= — cos (= + B)cos (x — B) — cos? ¥
- {eon (& + B) -+ cos (a — Bljcosy
= {cos y — cos (x + B)Heos {x — B) — cos v}
= 25in 3w 4+ £ + ¥)sin o« + B —_?]
% 2uin 3o — 8 + y)sin - aF B+ 7
= H.S.
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" Ezample 2.—Show that
sin (B — ) + =in (y — a} + sin (@ — )
' =~ 4sin §(8 — y) sin Yy — a)sin Ha — H).
LHS. = 2sin }(8 — ») cos B — )
+ 2sin d(y — B)cos HB + y — 2a)
= —2sin HB — y)eos L(g I} 5 — 2e) — cos H{B—y)}
= —2sin §{8 — y). 2sin 8 — «) sin }a — ) N
R.H.S,

§5. Bolution of Equations |\

Formule (5), (6), (7), (8) are employed in tigsSolution
of certain types of trigonometric equations, oS
Ezample 1.—Solve the equation \ .
cos & - coy 36 = 2 cos 28,
Thie equation can be written x\ -
2cos 29 cos @ — 25'3‘0329,
g0 that either cos 2¢ — 0 ar co‘s.ﬁ".,: 1
Henco cither 20 = (n 4- %J.af.:‘;oi- # == 2nm,
whers n is any integer. .f"."
Thus _ i=4m 4+ L= or 2n
Brample 2.—-—501‘3@‘133 equation -
€N+ 5in 30 4 sin 50 = 0,

Hera 13.}1 8. = 2sin 34 cos 26 - sin 34,
so that eit.hei'éi;n 38 =0orcos 20 = — 3.
Thus, AN 3§ =nx or 2§ — 2nm -+ fa,
and theréfore =4nr or no & im

) ”:ple 3.—8olve the equation
SIPAY — gin? (A — 1) — sina,

(0 L.HS. = jfeos 20 1)8 — cos 28} = sin (21 — 1)7 sin 4,
' so that either sin § — ¢ op sin {24 — 18 — sin 4,

Thus & = na, or (23 — 130 = 2nn + dor (2n + I)w — 4,
and therefore # — nop or nwf{d — I} or (2n + L)=/22).

Ezample 4.—Soive the équation
8in 44 — sin 28 = pos 34,
Ans. 8= 21_% + 4w or 2ny Emor in | £)m.
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6. Series of Cosines and Sines of Angles in Arithmetical
Progression
The series
cos A + eoa (A + B) +cos{A+ 2By 4. ..
-+ cos {A + (» — 1}BL,
gn A4 sin{id + B) + sin (A 4 2B) 5-. . .
tsin{A + (a— DB} KO
can be summed by the method of differences. In applying, O
this method each term of the series is expressed as thes ~
difference between two functions which are such that,
on addition, all but two cancel. Thus, if the tm}( sums
above are denoted by C, and 8, respectively, Lt'\i§~Found,
on multiplying by 2 sin B, that \/
2ein }B.C, A _
— sin (ALIB)fsin (AL 3B+ . . -6 {A+(n—hB}
— gin {A—1B)—sin (A4-1B)— - N ysin {A+(n—3)B}
— sin{A + (n — 1B} — sin (AL> 3B)

=2 coa {A + ”’_2_2]3) s.i.xk%—;

and N

250 1B .8, 2 ’
008 (A—1B)F-oan(A+ 1B+ . . . +oos (At — 5B}
—cos (A+1BjLeos (A+EB)— . . . —©08 {A+(n—1)B}

= cos (A 2¢B) — cos {A+ (»n — }B}

=2 gir:l,@}:i_ ?.T’H:_Q_._IBJ ¢in "‘%‘)‘.

Thllﬁy;c!}lw(li\ridi_ng by 2sin $B, we obtain the important
forl]\\lxlsa' .
FQS,A-{-GOS(Aw{—B)+cos[A—|—2B}+...._ 5

N n — gin in
w0 Foos{A+ (n— B =cos(A+—5 B)W’ (@

N sin A - sin (A + B) 4 sin{A +2B) +. -
1. sininB
4 sin {A 4+ (n — 1)B} = sin B+"3 IB)E—%—% (10)

Tt should be noted that in these formulee the first: factora
on the right are the cosine and the sine, respectively, of -
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the arithmetic mean of the angles, or of half the sum of the
first and the last ; these are divided by the sine of half the
coramon difference, and multiplied by the sine of # times
half the common differcnice. Each formula can be obtained
from the other by replaning A by A -+ 90°,

Erample 1.—Show that

£ ‘\
= 3w 5w Br
cos 1= +cosl.—?+cosﬁ +. .. +eos T = b .\.\
Example 2.—Find the sum of tha geries £

4

Gos® % -+ cos® (x + B) + cos¥(a + 28+, ., D
- eos®{a W — 1180,
The series is oqual to \¥; _
31 4 c08 20) 4+ H{1 + cos e + 203 . . N\
: + !,[1T+ gqsé{x + (n — 1)81

and therefore tq

in 4§ cos {20 4 {n — le?;g} E;;??eﬁ

Erample 3.—Sum 1o n terms the JFories
008 & + cos( + £) Jaboi(x 1 28) + . . .
Put, e0st @ =< ;}(céa:Sm + 3 cos z),
and similarly with the oj;}}er 't’erms. Thus, the series is cqual
to

-

~\
Heos 3o 4 cos 3(a BV + eos 8(x 3 28) 4+, .. _
J\ v +:3[{_)s3[o:—f—(n—”ﬁ”
+ feos o cosfa + B} 4 cos foe - 28y 4- . ..
sy N\ 3 cos [o -+ {n — 1)8]}

Nen 1 sin Ing
= 3( § ) -
§cos ~.<"+ 5 8 sin 35
O\

N
Esga:mpe‘e 4.—The terms of the following set

("o «, sin (x - Bhsin (o + 2g) | | . » 8in {a 4- (2 — 1)8}
yare multiplied topether in pairs, tho first and the last, the
second and the second Iust, and so on, and tha products are
added. Show that the sum of the series so obtained is

$sin 258 cosoe B— in cos 2a 4+ (2n — Da).

Bxample 5,—The boints A, B, C, . , . are the vertices of &
regular n-sided polygon inseribed in a circle of centre O and
radius r. Ij Perpendicalars 17, PM, PN ... are drawn to

n — 1 3\ sin inf
+ % COs (OL 4+ ‘—é—_ ) SiTL El.g
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oA, OB, OG, . . - respectively from u poitn 17 oen e cig b

show thatb o
iy LP? 4 MP® -+ NP e L
(iiy AP? &+ BP* -+ [ L S
fivi) AB? -k ACE G- ALY

[Lat /AOP =83 then, if A, B, G0 0 Ve poeid Ui b
in the counter-clockwise order,
(BOP = — 2=/, AOOP =8 dw o
o that TP = rsin 8, MP = rsin {ff — 2w #2 . - - !

Eeample 8.—A regular polygon of 2 sirkes i cirene it 100

a cirelo of centre O and rading r, and from any IR AR
the circle perpendiculars are drawn to Pl =ites, L0 APLUS by
Jength &, show that the sum of the syuares oo 1]-,.-”-(.@".

YA
diculary is

/N

N \
alrt -F 100 \4

§ 7. Further Applications of the Method pﬁ%ﬁl’ul‘ullue:s to
the Summation of Serigs\\ ~

If, for the terms of the series « W
a3
Uy L SN,
& difference formula SN

wp = fIA - 1)
can be found, the sum of\a}e geries is
n \'\:\s.}
2B for — 1} = fl) — OO,
T =4 N/
. Tl_le met@({dﬁrésent-s no difficulty if the diffrrence formula
18 glvgn,"ggﬁf‘ the sum to » terms is given, In the later
case, if the - .
,}\K sum to % terms is ¢(n), then
SO U = $lr) — dlr — 1),
:'Q}ld this is the difference formula.

\"} N/ Emmple 1.—8how that

cosec x = cot f» — cob &,
and sum to n terras the series

(_1_)_0055:0 o -+ cosec 2u 4 cozec du 4+, .
(i) cosec o - cosec 3o + cosec bu 1 | o
Ans. (i) cot Jo — cot (2% 1y,
) fii) cot {u/2") — cot =.
Note.—Tt .
10 roadder should checlt his results Ly puttingn = 1.
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the arithmetic mean of the angles, or of half the sum of the
first and the last : these are divided by the sinc of half the
common difference, and multiplied by the sine of % times
half the common difference, Each formula can be obtained
from the otlier by replacing A by A - 90°.

Ezample 1.—Show that

Iax

T EE 5w
cosl—?—[—cos,ﬁ-[—cosﬁ + ... 4 cos I7

Erample 2,—Find the sum of the sorics N

cos® o - cos? (g - B) + cos¥(a - 28+ ... O
+ cosBln T (n — 138N
The sories is equal to \/
31 4+ cos 2¢) + i +0032(oc+,8)}-—}—.\\ ]
+ 31 4e0s 2{a - (r — 1)8}]
and therefors to “\
I+ feos (20 + (n21)g) T
Erample 3—S8um to g termssthe sories
c0s® & 4 cogd(y —;—'&}.",—j-’ cogfla - 28) 4. ,
Pug COR? o ;j}";{cbs Bx + 3 cos ),
and similarly with th;yothér terms. Thus, the series is equal
1o \
N\
${eos 3o -+ cog ‘3(<i+’ B) +cosB(w 4 28) 1, .

+ eos 3{x + (n — LIAL
+ #eos o +2as (o 4 8) teos{a +28) . .,

+ cos[x + (n - 1}8]}

o 1. sin $ng
=4cos § ——f}
& 3y(~& T ’8) Sin 28

\& -1 af l.nJB
§\ ' + £ cos (oc + ?1'—;2—3) Sah

\

,' Erample 4.—The terms of tho following seh
o N

sin &, sin (@ 4 B sin (o L2, | .. + 8in {x -+ (2n — )8}
are multipliod togother in pairs, the first snd the last, the
socond and the second last, and so o, and the products are
added. 8how that the sum of the series so obtained is

1 sin 218 cosec B_ — i7 cos {2 (2n — 1)8).

 Brample 5—The pointz A, B, C, , . . are the vertices of a
regular n-sided polygon inseribed in a circle of centro O and
radivs ». If perpendiculars P, FPM, PN ... are drawn to
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04, 0B, OC, . .. respectively from 2 point P on the circles
show that
(i) LP® 4+ MP* 4 NPt . .. =
(i) AP® £ BPt +CP* 4. .. = apse,
(i) AB? 4 AC® 4+ AD? + . . . = 2nr?,
[Let £AOR = 8; then, if 4, B, C, - . . lie round the circle

in the cournter-ctockswisc order, '"\_
/BOP =8 — Zain, COP =8 — 4mfn o 0 A o
e that LP = rsin 8 MP =7 sin (8 — 2a/n) . - - ] N\

- N
Brample 6.—A regular polygon of 1 sides is eircumscribed; t0-/
4 circle of contre O and radius r, and from any point P within
the circle perpendiculars ave drawn to the sides, If QRjis of
Jength %, show that the sum of the squares on thess, perpen-
dicwlars is NS
nirt + 1k%). O
§ 7. Further Applications of the Metho(o}‘ Differences 10
the Summation of Sgries

N/

If, for the terms of the series
# +' Ua + ".-}.;; + U

a difference formula ™

~

w, =) —fr =1
can be found, the 511};{‘& the series is’

n \\ .
S — fir — 1y = fm) — f10)-
NI
The mgthod presents no difficulty if the difference formula
is gi‘Ke;;I',\br f the sum to 7 torms is given. In the latter
casgs the sum to » terms is ¢(x), then
N u, = i) — $tr — 1),
\"ﬁ»nd this is the difference formula.
\ /' Bzample 1.—Show that
cosec @ = vot ja — cot &

and sum to 7 terms the series

(i} ecosec ¢ —+ coseC 9q 4 cosec 4 + . - v s
(i} cosec x -+ cosec 3o + cosec b R
Ans. (i) cot a —ecot (2% %u),

{ii} eot {x/27) — cot o.

Note.—The reader should check hie results by putting # = L
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Ezample 2.~ DPrave that

_ tana::-—cotocu—2cot2:r,
and find the sum to » terms of the series
() tan o + 2 tan (2a) + 22 tan (2% 1

“eey
.- o 1 74 1 %
(ii} g-tan-é =+ Esta-n 5 =+ ?t-a.n?.—a 4.,
A O\
Ans. (i) cot @ — 27 a0t (2705 (i) L eot (3) — cot g\
2”& i p ,\ ~
Ezample 3.—Sum to 25 terms the series G\
tan o + cot « 4+ tan %e 1+ cot, 24 T tan da + copda ¥ .,
Aps. 2cot e — 2 cot (27e). '\\
Erample 4.~ Prove that \J
sin 8 sec 36 = i(tan 39 — t%&),
and sum to » terms tha series 72

() sin 6sec 36 - sin 38 sec (3%9) - SN346) sec (30) -+ . . .,
(it} sin 0 sec 3¢ -+ sin 36 sec ¢ —I’—:’sl;n(?)lz&) sco (36) +. . ..

\ a\> )
Ans. (i) Ltan (378) — tan G (i) 5{ tan 39 — tan {5 9) }
The Swuim o Infinity,—If S, the sum to n terms of 4 series,
tends to a value S ag ‘tends to infinity ; that 18, if, no matter
how small we wish m%nake tho difference between §, and S,

we can do so by tajghfg # large enongh, ¥ is called the sum to
wWifinity of the géries.  We write this

\J 8, =8 as 7t — oo,
Is £ho symbol for * tends to."
Exam\;pzé 5.—8how that the sum to infinity of the sories (i}
of iple 4 is % tan 34,

#

where the #xfcwhesnd

w‘: [W}len %= o, tan (:-37139) - tan (¢ = {).]
S
\\ W4
) §8. Recurring Series
The series

cos A | ¢ coé"-(A + B) + #%cos (A +2B)+ ...

) + 27~ 1cos {A + {n — 1}B},
smA+xsin(A—j—B)+x23in{A+2B) + ...

+ 2"-2gin {A - (n — 1)B}
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are rceurring serics with 1 — 2z cos B + 2* as their scale
of relation. 'fo find their sums, denoted by C, and §,
respectively, multiply each series by the scale of relation.
Thus
(1 — 22 cos B 4- 220,
=cos A+ xcos (A B) + atcos (A 2By 4. ..
Laxrcon(AFrBY ... Al
— 2ccos Acos B — 232 cos (A + Bjcos B —. .. (D)
— 27 gos {A + (r — D)Byeos B — . L)
+a%cos A .. .t axrcos {AF {r—2) B} 0.
co .t Teos {A 4 (n — 1) B} AN
— 2z tgos {A + {n — 2) Bl eos B AN
— 227 cos {A 4 (n\N\WB}cos B
+am-1oos {A + (n — 3)B} + a7 cos {A } (n — 2) B}
+ an*1 0oddA + (0 — 1B}
= ¢08 A ~— woos (A — B) — a7 cos (AN- B}
+ anfpos {A + (n — 1)B}.
Bimilarly AN
(1 — 2z coz 3 4 2%) 8, — sin AYS x sin (A — B)
— a7 sin (A + wB)+ oL sin {A - (n — 1}B}
Erumple—Sum to n torms the series
() p cos A-h(p+g) cogtAM-B) +(p+2g) cos (A+2B) 4 .. -,
(i) psin A+(p+q)gin (X +B)+(p-+2g)sin (A+2B) + . . .+
Denoto: these shms*by €, and 8, reapeetively: then
2e0s B, C, = pfess (A — B) + cos{A 4- B)}
+{p PGWeos A Fcos{A+ 2B 4...
+ {puldn — 1)g) [oos {A + (n — 2)B} -+ cos (A - nB}]
o=peoos(A —B)+(p +qleosA
§ + 2(p -+ gq) eos (A + B) -
+ 2(p + 2q) cos {A+2B) +. . ..
...+ 2{p + (n — 2)g} cos {A + (n — 2)B}
~ + {p + {n — 2)q} cos _{i& +;%)— 1}B}
\ ‘a-nd therefore + {p + (ﬂ' B l)q} COS( + ’

21 — cos B)C, = — A—B)+(p—g)eos
) p oo 4 (p + ng) cos {A + (n — 1)B}
— {p + (n — 1)gt cos (A nB).

2 &
-~
N

Similarly,
2(1 — cos B)S, = — psin (A — B) + {p —g)sinA
! B ¥ gy sin (A + (n — 1782
' — {p + (n —Lg}sin (A +7
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EXAMPLES VII
1. Show that
(i} -4 sin 5A cos 3A cos 2A — sin 4A + sin 6A + sin 104,
{ii) sin A(sin A + sin 34 & gin SA) = sin* 34,
{iii} eos BA = =in 3A + (cos A + sin ANI — 2sin 24),
{iv) tan A 4- tan (A 4 60°) + tan fA — 60°) = 3 tan 3A,
(v) {cot A — cot 3A)(sin? 2A — aip? A) = zin 2A, A

AN
2.If sin A+ sinB =p, cos A -+ coz 3 = ¢, show iha{ g
9 U
%sin 1A + B) = é €08 A + B) = 2 cos JANTD)

+ g
show that . ]L-__'_-—; = tan §(§ — qg) \\“
4, If eos A sin (C _.,“gf)\ &

cos B EI(C: Y
show that tan (A 4 D) tan 3(&\~"B) = cot C tan 4.
8. Establish the identities ‘: ’
\ Ny 2 sin A

() tan HA £B) + tamdla — By = B2

{il} 4sin A sin (A _#8d#) sin {A -+ Zw) = sin 34,
{iif} 4 coz A cos (fg ™ Ajcos (22 + A) = cos A,
{iv}) cot (A <J:5°~f —tan (A — 15°) — o 20082
v S T FeneA T
(v} cos (BN Cheos (B — 0) — cos (A +Cleos (A — )
O . =sin{A 4 B)sin (A — B),
{vi} gm)&'cos 3A + sin 2A sin? A — 1 sin 44,
(viiysgoe 2A cos 2B + 1 sin 4A sin 4B
& = cost{A — B) —sint (A 4+ B),
‘hkiii'}’ sin? & sin 2A 4 cos® A cog 24
.'s\ = 4cos A + }cos 2A cos A,
'"\u:' 6. Prove that a2 — 2 cos (A + B) 4 1 is a fuctor of
NN 2r4 | dadgin A sin B — @*(eos 2A + cos 2T})
4 + drcos Acos B — 2,

and find the other factar,
Ans. 22?4 95 oo (A —-B) —2
7. Bolve the quadratic equation in =
" (cos 2A + cos 2B) — 2w sin 24 — oy 2A 4 cos 2B = 0.
. Ans. len (A 4 B), tan {A — B).
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8, FEstablish the identities
@ sec A -gec B tan $A 4 tan 1B
fan A — tan 1 - tan LA tan 3B’
S o . iy
ain A — sin 34 sin A - sin 3A — 900t 24,

(i) Gom A& - cos3A | eos A — cos BA
{iil) sin Afl — cos BY 4 sin B{1 — cos A}
= 4 sin A sin 3B sin HA + B), .
. sin? A —sin? B £\
- I — ¢\
{v) sin Acos A —sin Beos B tan (A + B), o
) 2 {sin 2A - gin 2B)

1 Fona2A 4 cos 2B +cos 2(A — 1)

=tanA + tan‘
S 3
9, Prove that «..’\.\"
L 3 7 \J
i) 1 4 cos 29 + vos 68 ‘if.lﬁ’
eos 48 sin f \
. : . NV
iy B30 —smb_ sinf L&
' Gec 30 L secd  sec 34 N
sin § — Zsin 34 4 sin'§#
‘cos @ — cos ."iﬂ‘.. -

(ifi)
19. Without using tables, preye.thab
{i) sin 19° 4 sin 41° 4 %in 83°
A — gmin 23° -+ sin 37° 4 sin 79°,
(if) sin 18° cos 397-Jasin 31° sin 837 + sin 27° cos 85°
' 4 7 — L 2
. S8 . ] = cos 17‘ cos 19°,
(i} sin 40° SIyl\‘S() -k sin 80° gin 160° -+ sin 160° sin 3207 s
{iv) cosd@Peds 507 cos 160° = — &,
(v} cos 14 sin 62° — cos 677 sin 37° — 8in 8 sin 51° =},
{vi) dOBTT" cos 43° 4 sin 16° sin 18° = sin 31° cos 61°,
(Vfi\} SN 7O° sin 027 — cos 14° coy 59° — sin 27° cos 72°
AN = }sin 43°,
WD) sin 52° sin 68° — sin 47° cos 77° — cos 65° cos 81° = 4,
AN Yix) cos 15° cos 34° + sin 42° cos 151° — sin 63°sin 14° =1,
~NJ (%) sin 56° cos 32° — sin 48° sin 46° — sin 76° cos 80° = 0,
)  (xi) cos 260° cos.72° = sin 85° sin 267° — sin 75° cos 203°,
(xii} cos 28° = cos 37° sin 25° -+ sin 41° sin 13°
-+ cos 127 cos 66°.

11, Given that /6 = 2:44949 and +/2 = 141421, prove
without reference to tables that

cos T1° sin 94° - sin 40° cos 93° — cos 31° cos 74°
+ sin 15° sin 62° = 25882,
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12, Bhow that
(i) cos? (A — B) =cos* A — sin* B _
+ 2sin A sin Beos (A — B),
(i) cos* A 4 cos? B — 2 cos A cos B eos (A 4 B)
= sin® (A 4+ B),
{iii) sin® A + sin® B + cos® (A + B)
. +2sinAginBeos (A + B)=1,
{iv) cos (3A — B) — cos (3B — A) : .
= 4{sin® B — sin® A) cos (A — B) )\
(v} sin® A sin 2B - cos® Bsin 2A = 2sin A cos B cos (A —B), -
{vi) 8sin 3A cos® A — Bsin 24 cos® A — sin 3A 1 sin SAN

13. P is any point on the shorter are AC of the cilpﬁﬁiéircle
of an equilateral triangle ABC. Prove trigonometrighl]y that
the chord PB is equal o the surn of the chords PAsand PC.

14. 1 A + B + O = 180° show that !

{i) sin 2A 4 sin 2B — sin 2C = 4 cos A'eod B sin C,
{ii) cos2A + cos2B + 0520 + 1 1+ 4ebih ens B cos O == 0,
(iii) cos 2A 4 cos 2B — cos 20 + 4g9ifNA sin Beos (! = 1,
(iv) cos A 4+ cos B + cos C = I +abgin 1A sin 1B sin {C,
(v) sin A -- sin B 4 sin ¢ = 4 ¢odFA cos 1B cos 1C,
(vi) #in A + sin B — sin ¢ =Bin 1A sin B cos 10,
{(vil) sin®* A 4 s3in® B + sin® @%= 2 4+ 2 cos A cos B cos C,
(viif} cos? A + cos®B 4 ¢93f € = 1 — 2 cos A cos B vos C,
(ix) cos* A + 0os? B — a6 0 = 1 — 2 sin A sin B cos C,
(x) cos® A -+ cos® £8 - 00s® 4O == 2 cos 3A cos 4B sin 30,
{xi} cos? 3A 4 co:&?]} + cos® LC
&\ = 2 + 2sin 1A sin 1B ain 4G,
(xii} sin2 (A 4 48%) + sin® (B 1 45%) — cost C
O\ = 2gin Osin (A - 45°) o (B + 45°),
(xiii) cos? 24 % cos? 2B -L gint 20
O\ = 2 - 2sin 2A sin2D cos 2C,

(xiv) sin P cos 2C + sin 20 cos 2A 1+ sin 2A cos 2B

<= WA Sin BsinC — 2sin (B — C)sin {C — A)ygin (A-—B),

(;Qqﬂm-(lzo*“ — A) +sin (126° — B) ++ sin {120° — )

AN, = 4008 (80° — L1A)eos (60° — 1B) cos (60° — 10),
S0V} sin (24 — B) 4 sin (2B — ) 4 sin (20 — A)

O ) = 4008 (A — 1B} cos (B — 1C) cos (C — LA},

y" (zvii) sin BA + sin 3B + sin 3C

L = — 4 cos $A cos 3B cos §C,

(xviii) sIn® A 4 sin* B 4 gin® O
.= 3cos}A oos 3B cos 40 4+ cos 34 cos 3B eos £C,

(xixe) szn 2A 4 sin 2B — gin 2! __tan C

siniA —sin 2B + sin 2C T tan B

sm A4 EnB — gn (.

Em = tan A tan 1B,

(xx1) sin 6A + &in 6B + sin 6C = 4 sin 3A sin 3B sin 3C. z

(xx)



P\ then

\ 3

viI} EXAMPLES . 10%

156, Estsblish the following identities :

(i) cos x - eos § - cos y + cos (x + 8+
= 4 cos §{(B + y) cos 3y + a} cos 3o + Bh
hence deducing that, in any triangle ABC,
(@) vos JA -+ cos 18 - cos 3O
= {sin Ha + A)sin }{= + B) sin {{= + C),
(®) (cos LA - cos 1B -} cos FO)? A ¢
= 2(I + sin $A)1 + sin EB}(I 4- sin a}(}},' \)
() sin 2z + #) +sin 2x + 3) + sin A8~ )
4 sin (« - f) cos (o + v) cos (B --af),
(i) cos® ¢ 4+ cos? (o — &) +oos? (o — B) +eost{o A ¢
=2 4 2cos acos{sos ¥
where 2o =2 + 8 + 4,
(iv) sin (8 + y — o) +sin(y + x —
Pa i Dy it (@ + B+ 7)
fismasmﬁsm A
(v) sin® (@ + o) + sin? (z + f)
— Zeos (o — ﬁ)am{x + as)sm(w + 8
= gin® {a& — B),
{vi} cos(ﬁ+vFa)+cos(y—hm—ﬂ
+cos{a+ﬂ — y) +eos{a + B+ ¥)
= 4 €08 & CO8 B COR ¥,
(vii} sin (8 + ¥ — @) +sm(y+o= — )
\ sm(a+ﬂ—-y)+3m(°€+ﬁ+?)
= 4 cog o ¢OS § sin ¥,
{viil) coa® « cua\]&— 2 cos o cos g cos {« + B}
= sin? (« + B)
(ix) min® & —l—sm’ﬁ + 2 gin « sin 8 cos {& 4 B)
= sin® (& + B}
(x) am({— ¥) - sin (y — o) — sin (o« — B
= — 4 sin J{a — B) cos (B — v)cos {{y — &}

16,\\Slmw that, if
xsmm-l—ysm,ﬁ'-{-zsmy.—(}
anfl :ccosoe-}-ycoslﬁ‘—{-zcos?-—o
¥ e
“Tg“_.—,,} Ssn(y —a sm(ﬂt-—ﬂ}'
and that each of these ratics is equal to
g/ v/ {w +y + e +y — @ —y F A=y Tk
17. If % ++ g + y = %=, prove that
BO‘:(B+y-—2oc)sm{ov.+2ﬂ)+005(?+°‘-'2B)9m(13+27}

+ cos(a + 88— 2}»)51.1:1{3; + 20}
= 4 gin {a -+ 28) sin (8 + 2}') sin {y + 2ah
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18. Show that, if

Bec(cc+ﬁ+y)+SEC(B+:v~o&)+seC(?+oc-— 8)

+oecle + 8 — v =0,
cither cos® ¢ 4 cos® 8 + cos?y = 2, or clse one of the angles
% £, v is an odd multiple of - right angle.

19. Find all the angles between 0° and 360° that satisfy tho
following eyuations :

{i} cos 58 — cos 3¢ + &in 46 = 0, £\
Ans,  30°, 150° n . 40 (n=201,2,. . 8}-' \/
{ii} sin @ + sin 38 = sin 44, N\
Ans. ».90°(n=0,1,2,3.4),n.120° (n =0, 1, 2,3) '0D ’360°,
(iti) cos # + sin 836 — cos 24. .~~_'\\
Ans.  90°, 135° 3157, n . 120° (ni=\ 1, 2, 3).
{iv} cos # +eoa2_6‘ —coad4d — cog B = 0.
Ans. n.80°(n =09,1,2, , B}, 0°, 809,'. 607, 120°, 240°,
{v) #in 58 — 2sin ‘39 -+ 351‘111}‘ 0.
Ans. n . 45° (n = 1, 3, 5, 7), 0°, 1803N\G60°,
' Vi, 30° (m =1, 5, 7, 1i)
"
(vi) cos 58 + cos 34 =3%in 20 - sin 4.
Ans.  90° 270°, 135° 318% n . 15° (n = 1, 5, 13, 17).
(vii) 2sin # — 38in 36 + 2sin 58 = 0. ,
Ang, n.60° (n =", L2, ... 6), 20° 42", 159° 18, 200° 42,
N U 3307 187,
{vili} sin Hi—! sin 28 - sin 36 — sin 44 = 0,
Ans, 90°, 270° \Q\ 360° n,36°, (n =1, 3, 5, 7, 9).
(ix)eos 38 + sin 48 + cos § = 0.
Ans, ~45° {p =1, 3, 5, 7), 90°, 270, 210°, 330°
{.X} 8in 3¢ — sin @ = sin® @ — cos® .
'\"Ans n. 45° (n =1, 3, 5, 7), 210°, 230°,
\ (xi} cos 4% 1 cos 38 4 cos 2¢ = 0.
p Ans. #.30°(n==1,3,5 17,90, 11), 120°, 240°.

o’\“\

= {xii) sin 3¢ 4+ s 9 — gin 40 = 0,
ANADS. .90 (n =0, 1,2, 3,4, 0, 360°, 5. 120°(n = 0, 1, 2, 3).
A\ (xiii) sin & 4 cos 34 = cos 26 — sin 40.

/ C Ans. m.T2°(n =0, 1,2 3,4, 5), 45°, 225°, 270°,

(xiv) sin 8 — 2 gin 38 + sin 50 = ¢,
Ans. n.60° m=20,1,32, .. . 6), 05, 1807, 380°,
(Rv) cos § — cos 26 + cos 36 — cos 48 = (.
Ans. 00°, 270°, 0°, 880%, 1. 72° (0 = 0, 1, 2. . . ., B)
{xvi) cos § - sin # = 4 cos #sin® g,
Ans,  45° 2256°, §74° ++n ., 90° (n =01, 2 3.
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20, Find expressions for all angles that satisfy the equation
sin 24 -} sin 38 = sin &,
Ans. 8 = nm (2n +— L), {2n + 1), wheron is any integer.
21, Find the values of the constants o, b and ¢ if
18sintx coss = woonsx - b eos 3x + ¢ cos Sz,

. Ans, a=2b=—3,¢c=0L
22, Express 32 coa'xsin? ¢ in the form
o + beos 2z + ¢ cos 4 + o cos G, .\:\'
Ang, a=2,b=1lLc¢c=—2,d=—1, s\ ’
23, Show that \

_sinf 4 5in 30 feinbf4., . .ton t@t:ﬁ:ls.‘i

T eos# - cos 30 + cos B8 + . . . G0 Q({aixms'

24, Show that N

sin*x 4 sin® 2z 4+ sin®3x + . . . + sin? ne \

_ 2n —[—:'l\\" an {20 + )z

. N 4sing -
X 3

tan né

25. Show that \

T . 7 .9 \ .
{1} sin E‘S ~+ gin 5]—:.; + sin T}; +‘.,.’.“ o o 9 terms = sin

w

T
B’

. 24 By 8r 15
i} cos2 — 220 XY 20—
} % + cos 17 G?g",—ﬁ 4 . .. cos 7 )

26. Bhow that, if @ = Zmi{n -+ I),
(i) 8in o 4+ sin 2« -{:’.“'”n 3+ ...t sinnrx =0

(i) sin® & 4 sin?® 26 P sin® Ba + . . . + sin?na = Hn + 1)
27 Sum to n t-eﬁxk the series
sin? 8 (Psin® 30 4 sin? 56 + sin® 70 4. . . .
N {/Ans.  in — %sin 406 cosec 26,
28, If ; = 2nfn, show that )
1 10080 + cos 2a + cos 3z + . . . + cos(n — lya =0
29,@1‘(6“? that
R\ 85mint ¢ = cos 46 — 4 cos 26 + 3.
) "f-n,d‘ deduce that, if o — w40,
NN BNt o+ sind 2y 4 sint Sx + . . . to 20 terms = 8.
\ 30. Bum to n terma the series
A o8 A sin 3A - cos 2A sin 6A + cos SAsin9A +. . - .
08, 1sin (2n 4 2)A sin 2nA cosce 2A ]
+ isin (m + 1)A sin nA cosec A,
31, Sum to n terms the series
8N = 8in 25 4- gin 2u din 3% I+ sin 3o sin 4w 4. - - -
fncos w — §cos {n + 2)ux sin ne cOSEC &
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32. Show that, H n > 2,
3w G 2n — n_n
2 7 S 2 O I S B
o8 —I—cosn-l-cosn—{—...-[-cos P

33. Find the sum to »n terms of the sories
ginfd —sin2¢ -Jan 3 —sindd +....
—gin {3(n + 1%8 4 »)} sin §n(# + #) cosec }{F + 7k
34. Find the sum to » terms of the series 2 &
cos A sin 2A 4 cos 2A sin 3A 4 coz 3A sin 4A 4. . ‘\ %
Ans. jnein A 4 }sin(n + 2)Amnn&cosee}\
35. If n is & positive integer greater than 2, provle that tha
sum to n terms of the series

sin‘8+sin3(8+a)+sin* (5+ )-1\~

‘Ans,

is dn. ~ »,
36. Show tha,t W
P
sin”i +- sin* + gnz B + N\ n terms = n - 1)

37. Show that the sum of {n e 2) terms of the series whose
rth term is

N

r + D=
?]B -2~— &0 ———— 5

s (’1& n gin® 21)/(_, i 21;)
38. Sum tQ n\terms the series
wAin* & + sin® 2w 4 sin® 3z + .
% sm %('n + L)wsin (3ne) cosec Lx
- 1 Bin 3(n 1)z gin (§nax) cosec 5¢-

\9\ Show thet
R 2¢in ¢ — gin 2o = 4 #in = sin? $a,

\":’oand sum o # terms the series

gin? z gin 2@ - sin? 2% sin 42 1 sin® 3z sin 6z . .
1 sin {n + Nz sin ns cosec @
— %sin (2n 4 2)e sin 2nx cosec 2o

40. Ay, A, A, ..., A, are the vertices, taken in order, of
a regular polygon inseribed in a circle of radius 7. Prove that
the sum of the projections of A A, A A, .... A A, on Ah,
i3 r{n — 2y8in {(=/n). Show also that

Af, FAA FAAM ...+ AA, = 2rcot (3nin)

Ans.
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41. The circumference of a semi-circle on the diameter AB is
divided into # equal parts hy the points Py, Ps .« . Pr1.
Show that the sum of the projeetions of the c¢hords

AP, AP, ..., APy
on the diameter AB is equal to }{n ~ AB.

42, Prove that
1 08 b
— - {eosec 2p — cosec &) = 5 o
2sinx {eos ©o ) gin 2z sin 4w 7 ¢ A
and sum to # terms the series ,\\'
cos 3z cos b cog Tz <\
‘ b oo o N

sin 2z sin 4w | sin dpsin b6z | ein 6z sin 8z N\
Ans.  {cosec 2w — gosec {2n 4 2)x}/(2sin :.-31'\'\.
43, Show that \Y;
sint # == gin® § — }&in® 28 ; \
and deduce the sum to # terms and to mﬁmhg(\ef the series

Lo\ o
sint # -§- 1 sint 26 4 ‘—Llé sint 44 +E,$u} T S

Ans. gin®f — %‘ sir}ﬁ?“ﬁj, gin® &,
44. Show that N
tan (A + B) — tan A ='sip B sec Asec (A + B);
and find the sum of the serigs
gec A sec 2A 4 gec 21&,3&6‘31& +. ..+ secnAsec(n + DA,
Ans. poséo A (tan (n + 1)A — tan A}
45. Prove that,
(i) tan @ soq, 2% ¥ tan 2w sec 42 -+ . . .
3 1 tan {27 -lx)sec (27) = tan (2%r) — tan 2,
{ii} ten g tap 2x + tan 2e tan 3z 4. . .
A tdn nx ten (n + 1x = cot & tan {n + I}z — (» 4 L)
6.,\\Sir¢fw that
R\ sect @ tan 28 = 2 tan 2§ — 2 tan #;
. /andsum the series
N sect 0 tan 20 + sec? 46 tan 8 4 sec® $0 tan 38 4. - .
3 . .
to % terms and to inf(nity.
Ans. 2 tan 2§ — 2 tan {8/2"~%), 2 tan 24.

47. Bum the series

# i f 8
Qtan:z-é -4 zec 2—2tr&n?s + .
to n terms, and to infinity.

Ans. tan § — tan (8/2"), tan &

g
sec o tané + sse

8
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CHAPTER VIII

THE STANDARD LINEAR EQUATTON

.~ §1. Maxima and Minima of Linear Functions of Sines, qﬁd'

Cosines £\
THE linear fanction ‘,."}:"'
acosf + bainf + ¢ D .l
can he put in the form A\S)

Reos (0 — u) —I—c,'\;
where R is positive, and o is c'ﬂ ed a subsidiary angle.

To prove this we expand the éosine and compare the
resulting expression \ WV
ROOSBGOSDC“‘E‘BS]D&R:]HGC—"G
with (1), Itis 1dent1(,a,u§ equal to (1) if
G“RcOsm, b=Rsina,
a0 that .‘..:\ a? + b? = RA,
and therefore\SmCe R is positive,

R = -+ v/(a? + b9).

It follo\w‘s ’Ehat
7 — ¢in tamg =
OF T = v +N a

Q he value of & can be found from thc table of tangents,

Wathe quadrant in which it lies being determined by the signs
of cos w and sin «.

The function (1) is therefore equivalent to
Vit +bdeos(—a)+e¢ . . (2
and thus has its maximum and its minimum valnes when
c0s (8 — o} has the values + 1 and — 1, respectively.
The maximum value is
Vi@ + 59+,
114
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corregponding to 8 = o+ 2nm;
and the minimum valae is

— Vit + 89 + 6 |
corrcsponding to 8 ==« ++ (2n + Lya. C I\

Frample 1.~~Find the maximum and the minimum values A .
of §eos 8 — 3mn & + 7, and the corresponding values of 8. &\
A\ e
1 « \J/

%

2 .
Here coso = — = sin@ = — g tan o = — % Al
S

V5 N
50 that o, being in the fourth quadrant, has the value —\ T
Thus the function is equal to )

3/6 . cos (6 + 26° 34) -+ T.

Its maximum value is 345 4+ 7 = 137 ’2,\ which oceurs
when 8 — — 26° 34’ + ». 360°; and i wiinimum value is
3—603c‘v’5 4+ 7 = 0-2918, which oceurs whén’ﬂ = 153° 26" 4+ n.

Graph of the Functéon.—-The.gréph of tho function (1), as
is evident from the form (2)pds of the same shape as the
graph of the cosine. It may be drawn by tabulating the
function (1) from sine,dnd cosine tables for a suitable seb
of values of 8. ¢ &\

If, however, the%ues of § at the $urning-points have
already been fownd, it is usually easy to obtain a fairly
good praph, 'v}it‘holit further use of the tables. Those
values of @\ite taken for which sin # or cos§ vanishes,
and fm‘%}n is employed to caleulate y ; in addition those
valug§ of § are taken for which cos (8 — o) has the values
0,43, - 1, and form (2) is then employed to calcolate y.

.. Sich values of § as & 30° - 60°, £ 45°% may also be

\ Jused.
Ezamgple 2—Draw the graph of
4 ==6cos8 — 3sind 4 7 =345 cos (8 + 267340 + T

from — 180° to -+ 1807
(This is the function considered it Beample 1. Note that
346 = 6-7082).



N\

v

\ N

116 - TRIGONOMEATRY [ce, v

8| 180°J — 1467 347) — 118° 34" | — 90° | — 26° 347 | 0 [ 33° 267

M o1 ]'s-sa

. i
‘ 62° 26 H0° [ 153° 26 | 180°

| _
H 10 13-71 |15 10-35[ 7 14 -3 1

i

From the symmetry of the curve about the lines § — —26° 34’
and & = 153° 26’ it follows that further points on the curve
can be found by dropping perpendiculars on these Jines froth, *
points already found on the curve and producing each of theve
perpendiculars its own length. Thus, for instance, in E}E 1

%
ool

Ty N\
4
15+ \J
:‘.‘\., \
o \\“
&
LRI Y
O : P syze @t @

P, 1,

7

useful points on\t?e’.éraph are obtained by finding the image

of the point (QN13) in the line @ — — 26° 3¢/, and tho image of
the point (180% 1} in the line 4 = 153° 267,
N

§2. xS\o:ifafion of Linear Equations by the Subsidiary Angle

AN\ Methed
QD
w3 Two methods of solving the standard linear cquation _
O gcosd ;-bainf =¢ . . . (3

will now be given. Tn the first of these use is made of the
subsidiary angle. It may be assumed that nonc of the
constants @, b, ¢ is zero. Tt may also be assumed that
¢ is positive : if ¢ is negative it can be mado positive by
changing the signs on both sideg of the equation,
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If equation {3) is divided by £/ (6® + b?), it becomes
.
[ 1] (6 - O.'.} == WE,

whore o ig delormined as in § 1.

In order that this equation should have real roots the A\
condition '
¢ = +/(a® + %), L\
or E=gt+b . . . - @
must be satisfied. An angle 8 can then be obtained :f‘fmn
the cosine tabls to satisfy the equation “\ fs,
¢ v
GUSB_W) .’\:. . {9)
Then cos (§ — «) = cos B ,\\\
80 that 9 — o=+ B+ 20m
or ot f+2ma . . . (6

 The roots which lie in the rangs from 0 to 2w are called
the fundamental roots of the\equation. '

Note—In solving theeqiation it is not necessary to
make ¢ positive ; bugdt\is advantageous to do so, as §
can then be taken positive and acutbe, with the result that
its value can be Qh%led gtraight from the tables.

Ezample 1,—Bole tho equation
AN 30088+ Ssin 8 = 4.
BOE\;Q\=-—3 , 8in o = ~5—-. tan o = § = 166667,
N V(Y +/(34)

80 thét'« = 59° 2’. Hence '

ot )

\m \and therefore

log cos {(§ — 69° 2) =log4 — % fog (34)

— 0-80206 — } x 1-53148
= 0-80206 — 0-76574
== log cos (46° 41

Here

cos (¢ — BY° 2) = T/.(ESI)’ .

Thus
9 — 59° 2 1 46° 41’ + n . 360° L
= 105" 43" +n. a60° or 12° 21 +#n. 360°%.
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Erample 2,—FBolve the equation
S8cosd —baind -9 =0,
This may be written

8 5 . ]

- V89) cos ff + ——-——\/(89)51119= VI |
Thus \
oS = ——-§-—, sinoz:-—5-— tanoc:——g'—:—(}-(iZﬁQO,\'

V(39) V(89Y &
so that, since ¢ is ini the seeond quadrant, . \/
« = 180° — 32° — 148", N

Henoce cos {§ — 148%) = -\/%)" . .m:\’\."
end thercfore v

log cos (8 — 148°) — log 9 — 3 log.@@)
= 0-85424 — 27%>1.94939
= 0-05424 «~0:97470
= 107954 ==vog cos (17° 27)).
Thus W W
§=148° & 17° 27 4 n{ 860
= 185° 27 4 n . 360% or 130° 23’ + 5. 960°,
Alternative Method —IK %he reader prefers to use sines

ruther than cosines, tie subsidiary angle « may be chosen
to satisfy the equations

Bin g = 2 b . e
OC—:\({(}}Q_‘_.bE)) cosﬁ=m, d-ﬂ&_b,
v N/ . .
e G 0+ e = Gy

Sookha"“(c being positive}, if 8 is the positive acute angle
fér'which

QO . €
NY sinf=- 2
O SRRV

~ B+ o=8+2r or {m — B) + 2na
and therefore
B=—at B4 o —a it (r— g+ 2um
Ezample 3.—Solve the equation
’ 7&1’11&—40039-[—3=0.
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This may be written
4oos f — Tein & =3,

g0 that
4 7
S ¢ = s,  COR M = iy o =—4 =—057143.
4/ (065) +/(63) i
Thus o = 1807 — 20° 45" = 150° 157,
3
d i n0° N = e
an gin (8 4+ 180 189 7(65) .
Henee %
log sin (§ + 150° 15') = log 8 — 1 log {85) \“\,

— 0-47712 — § X 181201 .}
— 0-47712 — 0-00645 N
— 1-57067 = log sin (21,5\19
Therefore
§ = — 150° 15" 4+ 21° 51" + n . 360°
or — 150° 15" + 158° 9" + n,&@@
— — 128° 24’ 4 n . 360° or 7° B4 L Pm . 360°.

§3. Solution of the Equation as & Quadratlc in tan 18.
Formu!lz {14) avd (15) of Ch&pﬁet V1 may be written
1—¢ N 2t
N —_— . .7
1—}—,;3"*'8“1 0 =71 gy (7
where { = tan 6. I,ﬂ'ﬁhese values for cos8 and gin § are
gubstituted in e u@ion {3), it becormes
:’th"'tz)“i’b 2t = o(l + %),
or (@ ey — 26t — (@ — ) =0 . . (8)
This e;iu@rtlon has redl roots if
\1\,‘ 4+ dato)la—0 =20
or.’i{\ e < g+ b,
¢ thh is the condition obtained in § 2.
”\“ On solving (8) two roots & and ¢, are obtained. If values
of A and g for which
tan A =1#, tanp =1
aro then obtained from the tangent tables,
16 = A+ mw OF © + nm,
80 that . g=9r+2nm or 2u+t 2nar.

cos § =

X:/
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Example.—8olve the equation
4cosf + 2sind + 3 =0,
By means of (7) this may be written
4 — ) + 2.2t 4+ 3(1 4 1) = 0,

& —dt —7 =0,
On solving it is found that
t=2 % 4/{l1) =2 & 2-31663 — §-31663 or — 1.31663.
Hence 38=179°21" + 5. 180° or — 52° 47" +n.180°, (8

and 0= 158°42 -+ 5. 360° or — 105° 34’ 4. 3605,

The reader might find it helpful to solve this example by the
method of § 2, and to solve by this method the thrge examples
worked out in § 2,

or

7

2\Y
§4. Geometrical Verification )

The solutions of a linear equation,.tan be verified geo-
metrically by the following met‘.hoct{x ‘which is due to Dr,
John McWhan,

In the equation (3) make c\positive by, if necessary,

™Y Pap Changing the
gigns of both
sides. In the
zy-plane {Fig. 2)
mark the point
P(a, b), and draw
the circle

Loy = ¢l
If a2 L 62> 3,
the point P lies
outside the circle.
From P draw
tangents PQ and
FR to- the circle,
and join 0Q and
OR. Then the angleg X0Q and XOR arc t:;:ue soh?tions
of (3). :E_‘.Y dl‘&Winlg the figure and -‘measuring these angles
Eléﬁvziilgzzfnsobtamed by the methods of § 2 and § 3 can
To prove this, let ZXOP — o, £X0Q = 8, / XOR = by

L &
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Then _
OP = +/(a® + 59), C
008 o = afy/la? + b%), sin o = b4/ (a? + bY),
and OP makes angles o — 8), o — &, with 0Q and OR,
respectively. Hence the projection of OP on QR iz .
OPcos (o — 8) =0Q =¢; o BN

s0 that ¢
4/ {a® -+ %) . (cos oz 8, + sin a sin B) = ¢, O
or acos b, + bsind, =¢ N

Thus / XOQ satisfies (3). Similarly / XOR satisfies (3).

If a? + b2 = ¢2, P lies on the eircle, @ and .R}coincide
with P, and the fundamental roots are equal\\"Y

Ifa® 4+ &2 <2 ¢?, P les within the circle, :an,‘the roots are

not real, &
' \

Alternative Method.—This method dépends on the theorem
In enalytical geometry that the lineadvequation ax 4 by = ¢
represouts a straight line. Im the s ¢) plane draw the eircle
#* 4-4* = 1, and the above stzaight line. If ¢? < a® + b3,
the line will eut the eirele izl distinet points P and Q; if
€ = a® + bt the line will toubh the circle ; and if ¢* > a? - b*
the line and the circle will'hot intersect. In the first case, let
LXOP =§,, /XO0Q =4y Then P and Q are the points
{eos 0, sin &) and [qos.d,, sin ¢,) respectively. But P and Q
both lie on the line'n\ hence

{(Nacos 8, +bsin 8, ==e¢,
and (2" wcos 8, + bsin 8 = o,
8o that 8, and @, are roots of equation (3). To verify the
solutionsd\'“ w the Bomre and measure the angles XOF and

X0Qa )
.s'\\ EXAMPLES VIIL

.fl':.?If y = 6eose + §sinz L+ §, find the values _of'm between
ighaml %60° for which # has {i) meximum, (ii) minimuom, (fif)

\m 3§ zero values, )
Sketeh the graph, and show by means of it that the equation
132 = 90{6 cos & + 8 sinx - &),
where the anples are expressed in degrees, has only one root
between O and 3607 . ) .o
Ans, (i) b3° &, (i) 233° 8, (i) 173° 8, 203° .
2, Express 12cosx + Gsinz in the form R cos(z + 8),
where R is positive,
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l;&t»hree real roots between 0 and 360°.
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Sketch the graph of y = 12 cos 2 + Seinz — 7 for
0 =a = 360°
and find the maximum and the minimum valnes of y, and
the eorresponding values of .
Ans. R =13 8= —22° 37; Max. 6, x = 22° 37';
Min. — 20, z = 202° 37,

3. Find the maximum and the minimum  values of
3cosx — Seinw, and the corresponding values of w between
— 3807 and + 360°. SO0

Draw the graph of y = 3cozz — Ssinw for the above/
range, teking as scales 1 inch = 90° on the x-axid, jand
1 inech = 2 units on the y-axis. A\

Ans. Max. +/(34) = 583095, « = — 59° 2, 200° 58" ;

Min, — 4/(34), & = — 230° 2/, 120° 550

4. Find- the maximom and the minimut ¥riues of the
function 11 sin « - 7 cos #, and the corresponding values of -
between 0 and 360°, A

Ans. £ 4/(170) = 1 13-0384, » =='122° 28’, 302° 28",

6. fy = sin = + 2 eos #, expresgy i ths form R cos (2 —a),
and deduce the maximum and the Teimum values of #, 93151
the corresponding values of far the range from 0 to 360°.
Bketch the graph. Ny

Ans, R = /5, o = 26° 3% Max. /5, Min, — /5 ;26° 34,
2206° 34",

8. Express 2 cosx 4,3 sin x in the form R eos (¢ — o). If
the angles are measufad in degrees, draw as accurately as you
can the graph of gé"]'-% €08 » + 3 gin x for the range » = — 360
to x = 360°. (™

Obtain from}our graph and by ealoulation the values of
within the ranke for which y = 1-5.

Provesgraphically that the equation

,\“ 2cosm+3si_nx=3—-§0

B == 4/(13), « = 56°19’; — 238° 16’, — 9° 6, 121° 44,
360° 547,

7. Express 4 cosx — 3 sinw in the form R cos (x + 8).

If the angles are measured in degrees, draw an accuratvg
graph of ¥ = 4 eose — 3 sin # for the renge from » = — 360
to x = 360°.

If y=— 2 find
of « for this range,
equation

from the graph the con'esponding_ values
and verify your results by solving the

dco8x — 3singy - 2 = (,
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How many roots has the equation

S 1

10°

Ans, 5 eos(x -+ 36° 327); — 283° 177, — 160" 27, T6® 43,
200° 33 ; onse.

8. Find the values of  between 0 and 360° for which the

408 — dsinx =

function & cosx - 9sinx -4 7 has (i} maximum, (i) minimam,

{iif} zero values. .

8ketch the graph and show by means of it thet the equa’siorg\’

w = 4{6cosx + Gsinx 4+ 7}, \.

where the angles are cxpressed in degrees, has only ong “vaot
between 0 and 360. AN
Ans. (i) B6° 197 (ii) 236° 19; (iii) 186° 39"; 28p%50"
9. Find all the angles between 0 and 360° which watisfy the
following equations N
(i) Boos & 4+ s 8+ 4 =0. Ans. 126762, 247° 22",
(i) Geos 0 — 2sin § — 3. Ans. 34321,7282° 3",
(i) Beos§ <L Teind + 5 =0. Ana205° 467, 197° 50,
(iv) Seos 6 + 12sin 0 = 8. Ang M8° 22, 119° 240
(v} 6oz + fein § = 3. AgSaI07° 13, 332° 2§,
(vi) Seosd — Tsin § = 4. _«Aps. 7° 5O, 243° 15,
(vii) 2cos 8 — Bsin 8 = 4, Ans, 240° 46/, 333° 50",
{vili) 7 cos @ — Hsin 8 =83 Ans, 34° 37, 2534° 53",
(ix) 9 cos # + Tsin 83, Ans. 112° 37, 323° 8',
(x} 28in 0 + 4 cosB > 3. Ans, 74° 267, 338° 427,
(xi} 2con§ 4-gin'g2= 1. Ans. 90°, 323° 8"
(xii) 5am @ 34 L%S 8 Amns. 128° 58°, 349° 6°.
(xiii) 3sin 0 &N cow 8
{xiv) 4 eln #)>"5cos ¢

9,
_ L. Ans. 41° 36/, 244° 40",
3. Ang. 79° 16, 203° 24,
(xv) 2 codd’= 3sind + 1, Ans. 17° 35, 220° 47%,
(xvi) Foo¥'d — sin b = Ans, 62° 287, 280° 40°,
(xviiydeos @ — 3sin & = 2. Ans. 29° 33, 256° 43",
(Xw'\ “dcos § — win 8 — 3. Ans. 29° F7’, 802° 39'.
(hix) 5oos d + Ssin 8 4 4 = 0. Ans. 164° 17, 257° 39",
Mfxx} deos § — 3sin 8 = 226, Ans, 26° 23, 259° 5%
(Y txxi) Secos § — 3sin 0 = 3. Ans, 28° 4/, 270°.
VY (xxil) 50058 + 13sin § = 10, Ans. 113° &, 24° 51",

10. Find the mazirnum and the minimum values of the
function cos® # — 2 sin § cos 8 — 2 sin? § — 1. Obtain also the
values of # between O and 360° for which the functi_c_n_n has
(i) its maximwn value, {ii) its minimum value, and {iii) the
E}Jue 2010, 35 ) 1689

;. Max. 2 13) — 3}; Min. — ${+/{13) +3i: G} 2 "
343 0, (i) %{3}”5’, 2)530 gf},. (iii) 0, 146° 19", 180°, 326° 19’, 360°.

iy

kg,

N

N\

A
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.11, Find the twming values of the function
dcos? ! — 3 ein feos d,
and the corresponding valucs of # hotwesn 0 and 150°.
Ang,” Max, 4, 161° 84’; Min. — }, 71° 34",
12. If  and y are the maximum end the minimum values of
@ cos® 8 4 2k cos §sin § + b ain? 4, respectively, show that

o +y=a4+0b () ey =ab— A2 A
13. Express psin?f - ¢sin fcos 8 + 7 eos® § in the form)
4008 (20 — B) + C, where A, C and g are independont ¢re:
Use the result to find the greatest and the least velues of
the funetion 8 cos® & + 9sin dros & — 4 sin? ¢ ; anddhsvalues
of 8, between 0 and 180°, at which thesc oceur. . Find also an
acute angle § for which the function is equalgezero.
Ans. A =dy/{(p—r)iiqt, C=Lpr), fxtamt {g/{r — p)};
Max., 19/2, 18° 26'; Min.,, — 11/9, 108° 26" Zero, 71° 10"
. Find the maximum and the mifdmum values of the
function 3 sin® ¢ 4 4 sin 8 cos 8, and he ‘corresponding values
of # between. 0 and 180°, PN _
. Tabulate, eorrect to two decimal.places, the values of this
function for values of # from {) $6,180° by stepa of 15°. Draw
the graph of the function, and™find from it two values of 8
which satisfy the equation™™\"
fisin® 8 8 sin f cos § = 5.
Ans.  Max., 4, 68° 26, M Min., — 1, 153° 26" ; 30° 137, 96° 38",
15. In a triangl ABC the anglo B is & right angle; AT and
BC gre 4 inchéstatid 3 inches long respectively. The civcle
with eontre A& ahd radius 4-5 inches cuts the ecircumsecribod
circle of the triangle in P and Q. Show that the angles BAP
and BAQ are solutions of the equation 8 cos § + 6 sin 6§ == 9,
and evaluate these angles by solving the equation. From your
diagraidshow that the angles BAP and BAQ are
\/ cos1{$) + eox-i{ i),
R \ Ang, 11°1°, 62"(T3)’.
28 168, AB is 4 fized straight line of tength @, and AC makes
*\ "with AI3 a variable acute angle 8; D is the projection of B on
AC, and E is the projection of D on AR, Express AR + ED
in terms of §; then find its maximum value, and the corres-
ponding value of 4.
Ans, H./2 4 ta, 223°,
17. Prove that « 4§ and » — B are roots of the equation
12 cos § -+ 5 sin § = 10, where tan « - 5/12and cos § = 10/13,

?D:t‘;d A boing angles in the first quadrant. Evaluate these

S
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Prove slso the following construetion for solving the equation
graphically. O is the origin, C the point (12, 5), and on OC as
diameter @ circle s described. With csntre O and radius 10
a cirele 1z drawn to cut the first circle in P and Q. Then the
angles XOP, X0OQ are the required solutions.

Ans, %—=92° 37, B=89° 4%, atpf=62" 20", a—p=—17" &

18. Find solutions between 0 and 360° for

asin§4-bcosd =0,
givon that a = 5, b= —7, ¢ = — 6. Deduce the solutions
whenao =5, b=7,¢6=—0. :
Ang. 987 427, 190° 147 81° 18, 349° 46", \
19. Find al! the solutions between 0 and 180° of the eg Ation
sin @ — 2 ain 28 cox # + cos 38 = (/3 — 1)=in 3&{"\.1'-
Ans. 0, 80°, 120°. $)
20. Find all the values of 6 between 0 a.t{d 150° which
satisfy the equation INY
con 20 | 3 8in 26 = 20
Ans. 10° 24, 61° 185\)
21, Solve the equation W
12 + 9 cos 38 =@8¢in 34
for values of # between — 1807 amd*180°
Ans, — 75° 987, — 72° 17/, 442827, 47° 43", 164° 37, 167° 437,

22, Bolvo the eqgnation gOsk6 + 2 gin 18 = 2 for values of @

between 0 and 360°. .\ .
: 3, 73447, 180°.

23. Find ail the ya}ues of 8 between 0 and 360° which satisfy
the equation )

(1 — tan @1 -+ =in 26) = (1 + tan )(I — cos 26).
me  80°, 135°, 150°, 210°, 315°, 330°.

24. Shewlthat, if acos § +bsin § = E cos {# — «), then

heos ## —gainfd = — R_ssin(& — ),
and hbnce find all the values of 8 between ¢ and 360° which
satisfy the equation
N> % cos § + 3sin 8 = (3 cos 8§ — 2sin §)%
N\ Ans. 26° 53, 857 45",
25. Prove that, if & is the altitude from A of the triangle
ABQ, and if the notation of Ch. IX, § 118 ernployed,
9% sin A — acos A = acos (B — C)
Honce, Gnd the angles of the triangle if & = 8 h =3,
[ (B — O} = %. )
Ans. A = 64° 40, B = 95° 25, C = 1%° 55

2 AN

'\

Ny
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26. If « and 8 are roots of the equation a cos 8 4 bain § = ¢,

which do not differ by a multiple of 27, show that
eos d{x + B)  sin 3o + B) __cos 3{x — fi}
= 5 = A

2 e

27, If @, £ are values of 8 which satisfy the equation
gtan 6 4 bsec § =¢,

and whose differenco is not a multiple of 2#, show that A\ ¢
cosfe+8) _ cos{a—~f 1 R\,
ed gt T Bpt i _Tgr o g + aq? \

28, Find by inspection one of the =zolutions of thé’é-quation
12 cos 8 — bsin ¢ = 12, and use the formula (Bxfalple 26)
NN
tan Ha + 8) = — v
to obtain a second solution. \\‘
Ans. 0, 314° 46°0
20, If » and # are distinct solutj@}j.s of the equation
. acos § - hsind =ec
between 0 and 2n, and if « Jo8 also satisfies the equation,
show that a = ¢, ﬂf" ¥
30. Find the tangents pfi’ifh’e angies that satisfy the cquation
(m + 2)sin A+ 12m — 1) cos & = 2m + 1.

. 413, 2 2 — 1
31. It x“é{m f3 2 )

Q)
(m——n)\@ss’ﬁ—(mn + 1}sné (m+ny=0
2m 25

show that ¢ ‘ tan # = or

7 T—m ™ o

32. Pi‘].'_f}'fﬂﬁs (1 +sin #){3sin d 4+ 4cosd - §) in terms of
tan $8/8how that it is & perfect square, and hence solve the
equytion

N\ (1 +8ind)3sin§ + dcozd 4+ 5) =9,

“for values of 6 from 0 to 360°,

SN . Ans. 0, 126° 52, 360°,

"\

7
v

33. A directed segment OA, of length 12, makes &. positive
acute angle 6 with OX ; and a segment OB, of length 7, makes
& positive right angle with QA. Tf the projection of AJ3 on
OX is — 8§, find the projection of AB on OY.

Ans. #=85° ¢, Proj. on OY =7 cos 8 —12 gin 8==—11-338.
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CHAPTER TX
TRIANGLE FORMULAL

$1. Notation N

Iy the formule for a triangle ABC the magnitudes of ()"
the angles BAC, CBA, ACB will be denoted by A, B, &% °
and the lengths of the opposite sides BC, CA, AB by q.'&r,\é;
respectively. 'T'he lengths of the radii of the ,gircum-
circle, the inscribed eirele, and the escribed circh;f\é}')posibe
A, B, C will be denoted rospectively by R, €t s and
the centres of these circles by O, I, I, I\l The area
of the triangle will be represented by \Q\, and the semi-

perimeter by s, so that )
2 =g b’-.j-:s.f

§2. Relations between the'Sides and the Angles of a
_ THiangle
Three important sgt§ of formula for the triangle will now
be established. {&ﬁrﬂt set is B
:.azbcos(}-i—ccosB
."'x“'b=GCOSA+aCOSC 13
ANY ¢=qrosB + beos A

Xt\".
T%“Sptond, calied the law of sines, is
N
\ a b ¢ L (2a)

'.\'Tf" snA  sinB~ snC
\»\ \“or, more definitely
a b ° _9R . . @

nA snB  sinC
The thied set is known as the law of cosines , each equation
may be written in two different forms which are both useful.
They are
127
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2 2 1
AE=82f ¢t 2becos A, or cos A== fi_—}-%_—__a_
e+at—8| | (3
2eq
c*=a 1. 6% 2bcos 0, or cos C— M
Db

Each of the three sets of formule will be establishédy
independently. It will, however, be shown that, if-any
one of the three sets (1), (2a), and (3) be taken ag\fufida-
mental, the, 6thér two
gets can ¢ Be" derived
from it3)

Set\(1) ean be proved
by ptofection. Let BC,
CAY AB (Fig. 1) be
MNtaken as the positive
“dircotions of the sides
of the triangle, Then

NN CA and AB make
Fra. 1.~ angles (I80° — ) and

{180° — A) with BCand
CA respectively ; hettee AB makes the angle (360° — C — A)
with BC. Not\%roject the three sides on B(, and get
I +bco§(] *—C} + ecos {360° — C — A} =19,

or ',i'zi—beosC-i—:ccos(Cﬁ—A)=O,
or s g —boos € 4 ¢oos (180° — B}y =0,
or, fiftally, & = cos (! + ¢oos B,

(e second and third of equations (1) are obtained by

bzu—-ca—;—a*—?cacosB, OF c0s B=

Jprojecting on CA and AB,

N

\ s
3

Faampie L.—By projecting on a line perpendicular to BC,
prove: t}lﬂt : .

bein C = ¢sin B,

In order to deduce equation {2¢} from (1), substitute
for b from the second equation of ( 1) into the first: thus

@ = (ccos A 4 g cos C) cos C +.¢ cos B.
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‘Hence

(1 —- cos? O} = ¢{cos A cos C — cos (A + )}
go that @ sin?C = ¢sin Asin G,

a ¢
sin A sin(

whenge

- The other equations of {2a)-can be deduced in the same ., |

way. R \Y;'
In order to dednco equations (3), multiply equations i
by a, b, ¢ respectively ; thns N
a® = ab cos 0 4 ¢a cos B, D ’
b2 = be cos A + ab cos C, \
¢? = ea cos B + becos A, v
A A . ".\\" A
8 ¢ b B ¢ 8 c o
m\"‘ Fra, 2.

Now subtract h’é‘ﬁ‘rat equation from the sum of the
other two, and’ s&et
\ b2 ¢ — g® = Zbc cos A,

the first q{éqﬁations (3). The others are obtained in th
8ame way(,

_Tk,b\\(ﬂw of Sines.—A proof of equations (24) independent
0{;{"1} and (3) will now be given. Draw AD (Fig. 2) per-
pendicnlar to BC or BC produced. Then, if d is the length

of DA,

d=c¢sinB = bsinC;
b &
snB sinC
The other equations of set (2¢) can be obtained by em-
ploying the perpendicular from B to CA or the perpen-

dicular from C to AB.
9

80 that

N\
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In ‘order to complete the proof of (2) by showing that
each ratio in (2a) is equal to 2R, it should be noted that
at least two of the angles of the triangle ABC must be
acute. Buppose that A is acute, and draw a dismeter
BOD (Fig. 3a} of the circum-circle ; join CD. Then

/BDC = /BAC = A,

N

and / DCB is a right angle. Hence \)
BC = BDsin A, O
or e = 2R sin A, . e YR G)

from which, along with (2a}, equations (2) are, bfained.
Note.—Formula (4) can be eatablished Wh’e:h‘ A is obtuse |
(Fig. 3b), by taking on the circle a point ANon the opposite
; \J

“a~ b}

\ Fia. 8.
side of B from A. Then since, in triangle A’BC, the
angle ACJs acute -
(¢= 2R sin A’ — 2R sin (180° — A} — 2R sin A.

,I&is aright angle, BCis a diameter, and therefore & = 2R ;
also-sin A = 1, so that the formula holds in this case also.
) Thus (4) and consequently (2) can be established without

using (2a).
In order to deduce (1) from {2a), let
a b e
WA B oo
Then

b ¢0s C + ¢cos B = A (sin B cos C + sin ¢ cos B)
= Asin (B + C) = Asin A = a.
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To obtain (3) multiply the identity of Chapter VII, § 3,
Ezampie 3, by AL

The Law of Cosines—Formule (3) can be derived directly
from two wcll-known theorems in geometry.
' Let AD be the altitude of the triangle ABC. Then
{Fig. 4a) if the angle C is acute,

AB2% = B(® 4+ CA? — 2BC. DC .
= BC? + (A% — 2BC, CAeosC; \
while (Fig, 4h) if the angle C is obtuse, KON
AB*— BOR4 CAZ+42BC.CD (¥
= B(2 4 CA% — 2BC. CA cos0

o K

ERPAN @
\\ N

Hence, in eaghycase,

1’:>'§;2=a2—[—bz—2wbc050,

the t%ds’b\f equations (3). If Cis a right angle, cos C = 0,

endsthie formula is simply a statement of the Theorem of

Pythagoras. The other equations of (3) can be derived
:"fgi'the same way.

N To deduce (1) from (3), add the second and third equations

of (3): thus
b2 - o2 = ¢ + 202 4 b2 — 9cq cos B — 2ab cos C.
Now cancel b2 and ¢2, and divide by 2, so obtaining the

first of equations (1). Formule (2¢) can then be deduced
from formule {1).
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Example 2.~—Show that
@ +b4elbte—aleda—bla b —o

sin* A = 4h2e?
[Bin’A =1 —cogA =1 _ (bs_‘fu)a
2he
_ {2be - (B + e — a¥)H2be — (BF + o2 —‘a")"}
= ETARD - L\
_ b F o) — a*}int — (b — glAN]”
- FED A\
Ezample 8.—Show that A\ 3
_8in? A 4 sin? B — gin® 'C",'\"'
‘ 00s O = Zsin Asm B i
Evample 4.—1f _ ,\\;
sinA _sinB _ sin
L Nt
prove that cos 0 = h.)

°

S 3

§3. Circular Functions ot}ftiig Half-angles of a Triangle
‘Bince N

b + gt
S

1A S
Zeost IS+ g S

cos A = and cos A =2cos®}A — 1,

b4t —a® - (b4 o) — g

x,\::.‘\'= bte+a)bt+e—a) 25.2s—a)
. \“\': 2be - Zhe )
Hb?ce . cos A = \/{3(8{; a)}’ . . o
AN

"\ the positive sign for the square root being taken since the
V' angle A is acute. Similarly it can be shown that

c0s 1B = ‘J{s_(_a_c-;_f)} .. (BB

and cos 30 = \/ {sﬁa_}c)}, . . {bo)
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- Again, since )
eos A = 1 — 2sin® §A,

By a2 gl g __ (b — )
gsinz%Azl_b_if__i—a‘_M

2be - 2be _
(a——b—!—c)(a—l—b—c) 2(s —b}.2(s—¢)
2bs 2bhe '

A

— — A\
Therefore gin 1A = \/ {(8 b) 89 } R (63:)\\ "

Simibaly o 4B = \/ {ﬁf—i@:—“)} . ,\L\ e

and smécm\/(s_“)(s"bL\; . (60)

From formula: (5) and (6} it fo]lows by\hmlon that
an 34 — {(" —h ‘"’)} .. ()

é(s — a)

m%B_Nl{E_"TM . . (Th)

s —b)
b) s —a)(s— b
and taﬂ\i\é“" /\/{ 3(s — ¢) } ) - 0
Apain, from {5&‘) and {6a)
sin A 2sm 1A cos 3A

\,_ (s —8) (s — ¢©) ss—a)
. .‘§§ - 2\!{ bo } ‘ \/{ be J’
;@e that  sin A — b—"i\/{s(s —a)(s—b—a} - Ga

\:

Similarly sin B = 0_2&\/ (s —a)(s—b(E—0} - (8b)

Cad O Sy @ —blE—a) - 6
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§4. Area of a Triangle

Since the area A of the triangle ABC is
{ base x sltitude,
and the altitude is & sin O or ¢ sin B,
A = jabsin C < lae sin B,
The area is therefore equal to half the rectangle contairiedy

by two adjacent sides, multiplied by the sine of the mc\l‘uded
angle: thua \ o

A ={bcsin A = Jeasin B = $ab sin C‘r‘ D, ®
Hence, from (8), o\

A=Visls—a)(s—b) (s 2gy . (o)
Bzample 1.—Tf ABC is on acuté-anglqd:&ﬁa.ngie, prove that
the lengths of the sides and the ma-gnitx@és of the angles of the
pedal triangle are N
@cos A, beos B, ceos O, 180° — 2A,"180° — 2B, 180° — 2C.
Deduce that the area of the pedalitriangls is :
2Ac08 A eos'B cos C,
[If AD, BE, CF are the gerpendiculars from the vortices A,

B, C of the triaugle ABOon the opposite sides, DEL is the
pedal triangle. L

Ezample 2.—1f the'angle A of the triangle ABC is obtuse,
show that the si%'(; and angles of the pedal trianglo are
— @ coRA, B eos B, ¢ cos O, 2A — 1807, 2B, 20,
and that iteared is — 2Acos A cog B cos O
Examplp 3.2 1f o, B, y are the lengths of the mediang of the
triangle.QBC, ghow that,
- NV A =gv{olo — a)o — Bia ~— )},
W}%?'Qa-_-:m-i—_ﬂ-f—y. ..
N the medians AA’, BB, CC meet in G, Produce GB’iis
~0wn length to L, and apply formmuia (10) to the triangle AGL.]
»\: “\‘ Example 4.—1f P and € are positive acute angles such that
/) P> Q, deduce the formulm
(i) sin (P + @) =sin P eos Q - cos Psin Q,
(i) sin (P — Q) =sin P cos ) — cos P gin Q
from formuls, {(9}. :

\

DAC oq P and Q respoctively, and draw BDC perpen-
dieular to AD to meet, ABand AOin B and ¢, Then
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AABC .
AABD + AADC
3AB . ADsin P+ IAD . ACsin Q.
., . AD  AD .
Hence Slﬂ\P+Q)=SmP.K—C-+ESm(3
gin P cos @ + cos Psin o
Apain, on AD (Fig. &, b) construct angles DAG and .DAB
equal to P and Q rospectively, and draw DB( perpendicular
to AB. Then - A
JAB . ACsin (P — Q) = AABU : AN
= AADC — AADB O
= 3AD. ACsin P-—-EAD . A]E%m;;{ Q,

1AB . ACsia (P + Q)

b

from which {ii} follows.

c Lo
™
\J

The corrégiﬁéndjng forrmulse for the cosine can easily be

deduceg’[\z’,\”
Eiemple 5.—Ii P and Q are the angles of Bxample 4, use
fo;‘«:{l\u a {3) to prove that

¢ (i) oos (P + Q) =cos Peos Q@ — sin P sin Q,
\;:\ (i) cos (P — Q) =cosPcos @+ sin P sin Q.
N [mrFgse _
AB? 4+ AC® — BC? -
_ AR+ AU = By
cos (P + Q) = =338 . AC
AB? 1 AC? — (BD? + DO4 2BD . DG}
= 258 . AC

AD AD _BD DC
= AR AC ~ AB ACJ)
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§5. Radii of the Cireumscribed, Inscribed, and Esecribed

Circles
. @ abe
e R A T e w
and A= $bosin A,
abe
then B = ir . . . {{{{

Breample 1.—Prove that the redius of the circumlcii{f;:ﬁ of
the padal triangle is {R. [Usc (11} end Examnles i, zfszf 4.

Let AL, BI, CI (Fig. 6), the bisectors of thesangles of
. m\.\’
A . XY

N/

A X
Y \\ Fg. 6.
the trianglgani&ﬁ(}, meet in I, the centre of the inscribed
circle. DtaW IX, TV, 17 perpendiculay £o BC, CA, AB
respeqt\i?&l’jz; each perpendicular is of length r. Then
\&/ A = AIBC 4 ATCA +4- AIAB
QO =3BC.IX + 3CA IV + 1AB . 1%

‘"\\”';”» =¢r{a 4+ b+ ¢) = g,
}"' Henee P % ] . . . (12

Example 3.— Prove that
7 = 4R sin JA sin 1B sin 10,

Erample 3.—Show that
Al.BI.CI
— o

Lo |
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Again, if AT, (Tig, 7) is the internal bisector of the angle
A,and BI,,CT, are the cxternal bisectors of the angles B and
C, 1, is tho contre of the egeribed circle opposite A, Draw
L%, LY, L7, perpendicular to BC, CA, AB respooctively.
Then

LX, =LY, = 1,7, = n.
A

N\ Fra. 7.

Hence / A\,
MNA= ALCA + ALAB — ALCB
x'{\"' =§Jr1(b-l—c—a)=r1 (s —a).
Q" A
The@);e ry = ... (189)
m". §—@
. (Simitarly ry = A L. . (13D
\> g & — b
and r, = Eﬁé—ﬁ . . . {13¢)

Again, mFlg g,
AB+A0=AZ+ZB—I—AY+Y0
— AZ + BX + AY + XC
= 2A%Z 4 BC.
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Hence .
2AZ = AB 4+ AC—BC=c¢+b —a = 2(s — a).
gc that AZ =5 —un.
Thus, from triangle AZT,
tan ZAT = 14
a1 = A'—-Z,
and therefore tan ;A = . i P (14a)°
R :w\ s
ks \

imi 1 = L SN l‘f:b
Similarly tan 1B Py A (145)
and tan §C = - - LY 4

Again (Fig. 7) ¥

AZ, = AY, = HAZ, -+ AY,) = JAB4BZ, + AC 4 CY))
' = }AB + BX, + ACLX.0) =s.
Hence, from triangle 1, Z,A, it follows that

tan. 240 ?:;%. . . . (150}

Similarly £AR 1B — T L o)
A )

and (Y tan 30 = "% ... (159

Formule f14) and (15) can easily be dedneced from (12)
and (13) k\)y:{'ﬁ:eans of {7) and (10).
Eﬂ?“,’"@"t“ 4.—Prove that
N\ (i) 1y — 4R sin }A cos §B cos 10,

w4 {il) r; = @ cog %B o8 %0 sec 1A,
\’\\ (ki) f‘i = (& —¢)cot B = {3%_ b} cot 2C.
\\' §6. Napier's Tangent Formula
Vv The formula _
b—e¢
tan 3B — ) = . (16
n (B — () 5o tan }(B + C) )

is required for the solution of a triangle wheu two sides and
the included angle are given., It may be proved as follows:
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b—c¢ 2R (gsin B — =in C) _2sm§{B—G)ws§(B+ C)
bFec IR(smB+sn() 2sin }BF Cheos B —C)
_tan }(B—©)
~ tan }{B -+ CY
from which, on multiptying by tan B + O), the i_'ormula.
is obtained. If ¢> b it is more convenient to use the
formula in the form

tan HC—B)=

c—b
¢+ b \
By interchanging the letters in cyclical order other, for-
mule of the same kind are obtained. LV

tan ${C + B). O

N

Bzample 1,—Prove that 4
. &b _cosi(A B}y . a—b . sin WA — B)
) c sin 30 -’ (i) ¢ .‘:'\ cos 40

Example 2.—The formula {16} can aldd Be'derived geometric-
ally us follows, " If b > ¢, draw a cirale) With A as centre and
AC as radius, to eut AB produced,in.D and BA produced in
E; jom CD and CE. Then(EB = b+c¢ BD=5b—c,
/CDB=4(B+C), /BOD=}E>0), /BEC=00"—4B+C),
ZECB = 90° — }(B — C). Hence, from triangles BDC and
EBC, -

b—e _sinj(B —\C) and b+e =cos~§(B -0

@ sin B0 a eos 3(B + O)
Formula (16) can Ma be derived by divisicn.

§ 7. Additienal Properties of the Triangle ABC

The profs of the results contained in the examples
followi}mg'@\m left as exercises to the reader.

Eﬁa@i’e 1.—Prove that

o\ (i} 7 OAT = }(C — B),

&

NS (i) TA = r cosec }A = 4R sin 3B sin {0,
i) OT* = B¥1 — 8 sin 3A sin }Bsin 1C),

(iv) OI* = R* — 2B,
[For (ii) use Example 2, § 5.]
Hxample 2.—8Show that
(i) AL, = 4R cos }B cos 10,
(i) OL? = R¥(1 - 8 sin §A cos 3B cos §0),
@iii) OT,* = R* + 2Rry.

[For (i} use Fzample 4, § 5.]

a
2\
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Bromple 3.—If H is the orthocentre of the trirngle ABQ,
prove that
(i) AH = 2R gos A,
(ii) /0AH =C - B,
(iti) OH® = R%1 — 8 cos A cos B cos Q).

Example 4.—Prove that
1) /IAH = }(C — B),

(i) TH® = 2r* — 4R% cos A cos B cos C, N
(iii) T,H* = 212 — 4R* cos A cos B cos C. ¢ \..’\
Example 5—By applying formula (3} to the pedal ’Qriéu?gle,
show that "\

-
o 008 A = b%cos® B 4 ¢? con? O 4 2bc cos B O3 Qcos 2A,

Byample 6.—If an angle of the triangle ﬁ‘P}G iz obtuse,
prove that the triangle is self polar with repard {0 a cirels
with H as centro (the polar circle). If , 1§ ‘tho radius of this
cirele, prove that AN

pt = — 4R con A cos’Bx‘cb's C.
Example 7.—If N is the mid-poin’t: wf OH, prove that
B IN=4R —r, (}I,N =]1R +r,

Hence show that the inseribe@ and eseribod circles touch the
hine-point circle ; (Feuerbach’ Theorem).

Example 8.—1If K is a point on the base RO of the trisngle

ABC, and if BK : KO\= %+ 2, while # is the anglo CKA, prove
that

ne . .
(5\\%’2) cot & = z cot B — y ot C.
BK _ sty /BAK sin (0 — B)

AB, 7 sin g gin g 7
A\ KC _sin £KAC sin{4+0)
N\ CA™ “sine T T sné

A $_n(@-B)sinC _cotB — oot 4

) " sin(f +C)sinB ~ cot O + cot 6

O Beample .—Ti M is the mid-point of tho base B, and if 0
y" is the angle CMA, show that

\ cot 8 = } (cot B — eot O,

Brample 10.—I the interngl and the extornal bissctors of
the engle A moet BCin L and M respectively, prove that

. 2he ;
(1) AL = 5 -I:"B COR %A, (ii} AM — ]_-b_z‘ib—cl sin %A&-
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Ezample 11.—1f the medisn AA’ of the trisngle ABC makes
an augle « with AD, prave that '
(i} csin o = bsin (A — o},
(ii) cot o == 2 cot A -f- cob B.
§8, Cauchy's Proof of the Addition Theorem

The following proof is ¥
based on formula (3) and

the formula for the sguare

of the distance between Y \

two points in eo-ordinate N

geometry. AN
In the co-ordinate plans w7

/X OP, reprasont the angles 5
8, and 8, respectively, these X
angles being of any magni- P, )
tude and of either sign. Let \
P, and P; be the points {
(1, 31} and (5, y,) Tespec- ™
tively ; or, in polar co-ordin- N Ty
ates, (r, 8) and {(rs 8 ON° =
Then, from (3), Fic. 8.

A O
v

/N . s
P,P.2 = OF,? 4+ OP;? <20P,. 0P cos P,OF
o ' 2{,:’\ = 7 i‘ 75’ = 21":"2 cog (& — &,),

It should bo notéi that this formula holds for all possible
values, positive (Ox, negative, Of the angle # — 8,. For, if
2 X0P, and_#SXOP, are angles coterminal with #; ar:d Oy
whose numerles? difference is less than (or equal to) 180°%

b, =7XKOP, +m . 3607 6 = LXOPs+ 7. 360°,
whera{ri*a"nd- n are integers ; and therefore
b 8 = LXOP; — £XOP, 4 (m = n) . 360°

NS = £P,OF, + (m —n). 360°
A\ "4 N
\ 3y Thus cos (8, — By) = cos P,OPy.
Now

BB o (m — @)+ (5 =W
= (&% + y + (&7 + 1,7} —__2:?:1939 —_ ?(‘f_lys .
=2 4+ 7, — 2ryc08 & .15 CO8 §, — 2r,sin 8y . 3 510 .
Hence, on comparing the two expressions for P,P,t, we see
that '
cos (8, — 8y) = oos 0, cog 8 - gin ¢, sin fg
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As the angles 4, and 4, are quite general, the formuls for
cos (& 4 8;), sin(#, + 0,) and sin {8, — 8;) can be deduced
froma this formuis. -

EXAMPLES IX

In the following examples the identities aro to be cstablished
for any triangle ABC \

1. asinA——bsi.n.B:csin(A—-B}.

2 AN
2. 080 A +bsinB — ¢sin 0 = 2a sin B cos (. ,\\"
3. agsi.u2B+b’sin2A=2absﬁ10=4[}, s
4. a'sin 2B — b?sin 2A = 2absin (A — B).
B.acos(B—C)=bcosB 4 ¢ cos C. ¢*O
8. a(beos C — ccos B) = &2 — ¢, AN
7

- 41} &sin (8 4-C) + coin (6 — B) = g sn¥s
{ii} b eos (8 4 Q) + ¢ cos (¢ — B) =.ncha 3,
where 8 is any anglo. .‘;'\
8. csin (A — B) + asin (B — CpaPein (C — A) 0,
2
. oin 24 + 5in 2B + sin 26 = Sl A sin B sin 0 — 25
iO cog A cosB,:Z'_'{: cos &
"suBsinC 7 in CoA | smAsnB >
11. acos A 4 b cos B Y cos C = 24 /R,
be
12, g cos (B —C) &M eos (C — A) - ecos (A — B) =2

R2
13. sin (120°X<2x)+ sin (120° — B) + sin (120° — )
08 (60° — 2A) cos (60° — 1B) eosz (80° — Q).
14. a® sin(B/— C) = (b* — ¢2) gin A,
15, @AEB — 0) | B*sin (O —A) , cfsin{A —-B)

.

-~ - e iSO Ml uinll mindi Y ()
M0B 4-sinC T sin ¢ - min A sin A 4 sin B
Y . 2A
“{Q cos A - cog (B - ) = R
SA | 8 esB b eosC ¢
NN P i - = _—— —
AN & T RT T fa =t o
"\}“ 18. a® cos (B-—C}+(b2+c2)cosA=2bc.
\ 19. a(bc_osB——ccogC]—[—(b*—c*}cosA:O.
20,

B —efeot A 4+ (6* —a®)eot B + (a? — 52) cot ¢ = 0.
91, @Cos E—-& eos'.n'_i _.sin? A —gmzB
¢ sm: )
22, a® cos® A — B® cog2 B —c?cosz 0
= 2R cog 2A sin 2B sin 20,



1= EXAMPLES 143

83 ateos? A - BeostB -I— ¢? coa® O
— 9RX1 — cos 2A cos 2B cos 20).
. sin A ﬂa*-}-b’-{—c*

24 cob A + S C T iA

;] ] ']
95 cot A +cot B4 eotC =C£_'1ﬁ_"l‘_°,_
N \

924, cos? O = gin? A + cos* B — 2sin A cos B sin C.

97. a3 tan? B — 2ab tan B sin O + b? = b¥sec® B oos C. O\

98, aSeos A -+ beos B 4 cteon O ‘\' -
— abe(l + 4cos AcosB cos\CYy

99. ¢% cos (A — B} + a® cos (B — O + b eos (O A0
¢ & 3abe.

AN
30 L—%_—_cosCeos(A—B)__a‘-!—b’
'l+cosBcos(0—-A)_'c3+a" O
31 sin (A — B) _ a{e® — b%) .‘.:\
"SR (B =0 =) A
1 1 1 10Y.
R A Tasms TEmO 0

53, a2 = (b — o) cos? 34 + (A5 e)" sin’ A
34, ot = (b + o) — dbo cosFA. _
35. a2 = (b — o)t + dhoein® JA.
N b4
36. a® = (& — ¢ cqu;’;\:}A se0? ¢, where tan ¢ = y— tan A,

MN.a=(b -I-.Q}}ﬁ} ¢, where ¢ is acube and

X \'"' coE ¢ = '2b_\/:}-(2(c}_} con $A.,

38. G}\x:'ha — ¢)?sec? &, where ton ¢ = %—“4—? sin $A.

{"f' §:—— 4R cos 1A cos 3B cos 3C.
Q40,3 =7 cob 1A cot 3B cot £C.
.\:\, 41. @ = r{cat }B + cot $0). .
U 12 s —r(cot 3A + ot §B + cot §O).

—_—)
48. A = #? cot $A eot 3B cob 3C ¢ tam 34 tan §B tan 1c.

44, A — 4Rs cos 3A cos 3B cos 3C. .”
45. ¢ — q = 4R cos }A sin }B gin $C.
46. suin JA = a cos }B cos iC.
47, (8 — a)sin&A=asin§Bsin%C.
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48.

49,
60,
61,
&2,
53.

54,

&B.

66,

87,

68.

50,

60,
61.

62.

63.

TRIGONOMETRY [om, -~

tan 3B tan 30 = 22

2rcos JA - asin 1A = aeos (B — OO

a cob 3A = (s — a){cot }B + cot 30

a cot 2A = & (tan §B + tan 10).

esin® 4B - bsin? 40 =5 — a.

(e cos® $B + b cos* §0) (e sin® §B -+ b sin® §C) = be cos® 3, *

tan 3B +-tan 4G« T :\’\
tan 3B —tan iC 5 — o' A\
cob 4B L tan 30 b J e A\ 3
cot 4B —tan 0~ ¢ m’\'\.'
cot 3B —cot 40 b —o
coti-C-—cot%A“c—d \.f

1 1 -1
=T —b} Te=a *\3 S

1 52 E:
a cos® LA -i-—-cos" 1B 4 —cos" ’~C == ifr

&* sec? 1A — BE gec? %B = c(a — b) eosec? 10,

asin A 4 bein (B +%A} =g 8in (B + $A).

(& -+ c) cos 40 sin(A F §C) 2 o - 5 con 34 sin (O - 340
o + ﬂwe\@ Bt hD =0 k400
cos %(B’ -—’ TR —cos A 21;,{(1311: ;AOS A).

64, amA+cosB+cosC—I+—

.s.‘;
..\' %

h

67.

and that €2 = (@t — b') @ + bl

"\‘
B}ccﬂ + b — 2ab cos (O + 60°)

== b% 4 g% — 2bc cos (A -+ 60°)
=¢* -+ a® — 2ca cos (B + 60°)-

W/ 68 I lsin A =%sinB = }sin O, find tho values of cos A,
/ tos B, cosC,

And. cos A = $ coeB = =, cos( =
Ifcos A = keos B, prove that

= 0

— bk’
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68. Prove that
@ ° sin 2A — sin 2B +8in20 _tanB
S ZA - sin 2B — sin 2C “tanC’
{iiy tan A + tan B Jtan C = tan A tan B tan C.
Apply (i) and {ii) to show that, if

1sin 2A = fs5in 2B == == L sin 2C,
then - tanA =9 1D =2 tan O = 1.

0. f 4tnA=%tenB =}tanC=F prove tha.t'\\
E=1/+5, and find A, B, C correct fo the noearsst half- rmnute >\

Ans. A 530 18'; B = 60° 4735 © = 65" 54¥.
70. If @ + b = B¢, prove that sin 3C = gin 1A sin %B.

Tl #g -+ 15 = @ 0ot A, \.-§\
78 v, rg oy — ¢ = 4R \4
N8, $% = ryry -k Tets T o1 \\w
T4 A =rpston il = ?'%ﬁ- C':\"
g5, T o1 L 2 o\ "

Tz Ty a—a : \\g

76. #3 = ryrgr, tan? 2A tan® é}} tan? 30.

77. tan LA - tan 3B -l—tan}c nodntr

A/ (ryra + 1o + ?'s"ﬂ

b—e¢  €—48 "‘a — b
78, - AV =0,
Ty [- g SP s 0
- 1.4y, 1
19. = — NS/ ”
NG * ¥

1

r

A fa\‘/(wx?'zfs)»

L4
81 Nt - 7y{ry 1 7a) .
N i‘( A + raa T rire)
“3:2 4R = {ry + 7edrs 4 7alPe + ‘-'"1}-

7'1"2 - ryrs T ’ra‘?'x
83. ?— cos? A = 3 feos* 4B = cos’ {0
— cos }A cos B eos 1C.

84, If sin? 1A = ain? }B + gin? 3C, show that r, = 2R.

85. If r, = R, show that

b+e
cosB—}-cosC:cosA:-—m.

10

N
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86, Show that the triangle ABOC is right angled if

roE=ry +r, 7.
87. Prove that II, = 4R sin 34, L1, = 4R eos 3C, and
LI® = 4R(r, + Tzh

88, Prove that
Area BL,CT = 2R®sin A(cos B + cos

2a(b 4 el A O\
I a)o +e—ay & g
89. Prove that « \\
ALLI, = 2Rs.
80. If B = O, show that D

v =bsinB = latan B — bcos 1A = v‘Cb* — 3a2).

91. In & triangle ABC, A == B = # rqdiwis, snd AB = 2
inches. The eseribed circle opposite A %@nohes A produced
and AB produced at X and Y. Show)that the ares of the
mincr segment cut off by XY is ~~\

4 tan® fla — 0 — smﬂ) squa.re inches,
92. Prove that, in Fig. 7, o\

AX Y Z = 2 9éos #A sin B sin $C.
93, Fmdthevaluosoir a,, byo,ifr, =1,r, =3 v, =6,

Ang. r =4 a—‘v’s b=7J43: e=§3,
94. Find the &ude{ and the angles of the triangle in which
rn="7r =14, T8
) a=~’f%, b =100, o—31,
A =64"58L; B = 84° 33’ C = 30° 30%.

95. Prove that, if tan A — 1 and tan B — 2, then tan O = 3.

96. I{ B B are points on BC, and if the radii of the circles
AB]Q\R {ABE, ADC, AEO are respectively R,, Ry, Ry, Ry, show
:R;, =R,

. I the altxtude from A is equal to the radius of the
P elreumclrcle, Prove that 2 sin B sin 0 == 1.
NV oes. It the altitude from A is half of BC, show that
) sznA—cosAﬂcos(B—C)
99. If B = 30, show that
cos € = \/(b; ) and that sin 34 = 2
100. I{ B = 4A, show that

N

\

—¢
2e

2

b
A ==
cos A 4 cos 3A o



iX] BEXAMPLES 147

101. One side of a triangle is double another, and the angles
opposite these sides differ by 60°. Prove that the triangle is
vight angled.

103, 1f A = 30° and CA = $ATB, caleulate B and C.

Ans. B —38°16°; C=111"44"

108, If ¢ == 60° and b = 3a, prove that tan A = F+/3.

104. The sides a, b, ¢ are in arithmetic progression. Prove
that AN

cos%{O—A}::ZsinJ;B. _ e\ N

105. If 5{cos C + cos A) = H{1 + €08 C cos A), prove that

9h =¢ + G. NG

106, If tan 3A, tan 3B, tan §C are in harmonie progt ession,
prove that @, b, ¢ are in arithmetic progressior, )

107. 1f the perimeter is 3a, show that \

tan +A ten 3B + tan 3C tan 3A = 2 tan —éﬁ\mn 10 = §.
108. If tan 3A -+ tan 3B = & cos 3Cs show thab
tan 1A ten 3B = 1 — &% 3C.
109, If tan 3A = p and tan B =g show thab
: 2(p )l — 29)
C e et =
R v DY) :

110. Show that the areg of & regular polygon of  sides is
given by \

) 4 i 27
Ry @;}, and by imRsin -

whero », R are tHe radii of the inscribed and the cireurnsoribed
circles, requei;ivély. ’
111. If BI»is drawn perpendicular to B to meet CA in P,
prove that Ca AP = tan B : tant C. :
- 11 ’IfAB==A0,Disa,pointonABandE&pointonAC
produded, such that BD = CE, prove trigonometrically hab
T3E, bisects DE. :
(N8 I P is & point on the altitude AD such thab
\ \“2CBP — iB, prove that AP = 2¢ sin 4B.
114. Tf by, by by are the lengths of the altitudes from A, B, G,
respectively, prove that
2 2 3
hy COS B 4+ hyoos B 4 hyeosC =E—"%j——€-,
and that
1

1 1 1
EcosA+EcosB+EBccsG~R.
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115. If the altitudes AD, BE, OF have lengths %y, kg, by
respectively, prove that

1 1 1 1
) 1 1 1 1
and: that ;; == — h_l -I-. E; + .}b_s‘ X
116, Equilateral triangies DBC, BEC are doscribed \.on
opposite sides of BC. Prove that O
AD? o AR =02 - b2 + 2, "

117, B A = 30°and A = 11—3 a*, show that t-L{az&her angles
are 30° and 120°, \/
118. T B > C, and if the straight line YJoining the midpoint

of the side AB to the foot of the a.ltitudgﬁrum A meots CA in
F, prove that AN

_ cEin 2B /
T si:} (I3~ Cy’

19. I D is a point on BO,giteh that BD : DO = m ; n, show
that s ¥ '

m cot DAB =‘-Im' -+ n)cob A -+ n cot B.
120, Points D, E ars teken, on the side BC of a triangle
-
ABC, such that 8D = DE = EC. If BAD — g, DAL — g
EK(} = z, preve that
@) dnEty)singg 4z
A\ sin x 8in 2 -
12}\;:98ints X and Y are taken, on BA produced and on
roduced, respectively, such that AX = AC and RY =BC ;

4,

P
?’g\a drawn parellel to BO to meet XC in P. Frove thet

DN YP = a{l + sin 3A jeos 3(B — Q)).

122. If P is a point within the triangle ABC such that
LBAP = s(BP = LACP = #, prove that
pa— 2o B —0) baing
_ A on B Sin A’
end that eob f = cob A - cot B + cot L.
123. Find the other angles of a triangle in which one angle

is 56° 26’, and the circumradius is throe times the inradius.
Ans. 27° 24'; 0g° 10,
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124, The perimeter of & triangle ABC is 50 inches, A = 42°
and B = 65°. Find the lengths of the sides.
Ans. ¢ = 13-19 inches ; b = 18-28 inches ; ¢ = 18-63 inches,

125. Tn a triangle ABD, /BAD =: 35° and LABD =907
AD is produced to C so that AD — 2DC. TFind the angles of
the triangle ABC, correet to the negrest minute.

Ans. A =36%; B =115° a7’ ; C = 20° 33"

126. The diameter MN of & semieircle, whose centre is A, is

produced to C, and C is joined to any point B on the semicirele. £ \J3
A\

Prove thet

N

tan ABN : tan NBC — MC: NC. A

127, OADR is an equilateral riangle, and C is the niidpoint
of AB. On QC is described an equilateral triangle.OCD, and
AD meets OC in P and OB in Q. If OA =32 prove that
AD = /7, sin Z.0PA = 5/(2v7) and

AP:P = o
: Q:QD—G:Q:B.;'
128, Prove that 3\ .

] < cos A +cos B 4 esC <2
[Apply Bxample 2, § 5.] " ”

199. Tf 2R = 5r, show that}
cos A - 008 B +cosC =14
- 180 M D, B, ¥ arg-the feet of the altitudes, prove that the
inradius of the & a,@gg})e ATE is rcos A, and that the sum of
the inradii of the gles AFE, BDF, CED iz r + r?/R.
181. B, O7ave the midpoints of CA, AB, respectively, and
O is the citewmeentre of the triangle ABC. Show that the
sides of the” triangle OB’C’ are proportional to gin A, cos B,
€03 %‘mrd deduce that
1 &eos? A — cos® B — cos? C — 9 cos A cos B eos C = 0.
432, O is the eircurncentre of & triangle A_BC, and AQ
...\-1 produced meets BO in P and the civeumeircle in P Prove
\ V“that OF = R cos A sec (B — C), and that, if OP = PP,
tan B tan C = 3.

133. The diameter of the circumeircle of a triangle ABC
drawn from A meets BC in L. Prove that
BL sin2C . ceozC
i) =—= = H - L = .
0 g ~smos’ WP T@E-0

N



150 TRIGONOMETRY [ca.

134. The diameters of the cireumecirele of a triangle ARC
drawn from A, B, (' meet BG, CA, AT3, respectively, in L, M,
N. Prove that

1 1 1 2
AT Yoy —wm

185. If O is the circumcentre of g triangle ABC, and A, B,

¢’ are the midpoints of the sides, show that A
OA"+ OB +0C' =R 4.1, <\

136. AL, BM, CN are dismeters of the circumsirele Qf\a
triangle’ ABC. Prove that, due regard being paid to 1he sign
of the area, \ 3

ABLC = 2Rz gin A cos BeosC, i)
and that O\
ABLC 4+ ACMA + AANB = AARG/

137. The bisectors of the angios A, B, Canect the circum-
circle of the triangle ABC in L, M, N, .\!'gai}pect-ively. Show
that

ABLC = R¥(gin A —&5in 24),
-and that the area of the hexagon BL.CMAN ig
4R? cos 34 cos3B cos 30.
138. The bisectors of the gﬁgiés A, B, C meet the circum-

circle of tlie triangle ABC ineJ5, ‘E, N, respectively. Show that
ALMN = }Rs, and that »

ALCM L AMAN 4 ANBL = ALMN.
Show also that ijpei'imetar of the triangle LMN is
) 8R coi(="— A) coy Ha — B)oos i(r — O,
and that, if t.h,e]i:ez:imeters of the triangles ABC, LMN are equal
8 qos}}-rr + A)cos }(m + B) cos. H(m + Q) = L.
139. The bisector of the anglo A of g triangle ABC meet®

BC in\l} end PQ is drawn Perpendiculer to AC to meet AC in
Q. Prove that

™3 PQ=2RsinAsinBsinC
O _ sfnB - sm ¢
37 140. The bizector of the angle A meets BO in P and the
¥ eircumecircle in K. Prove that
AP 45z — g)
-—K =

a2 .

NS

Prove also that
_ 2Rsin®iA
T oos HB — cy
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141. The bisector of the angle A makes an angle ¢ with BC,

Prove that
sin & = eos (B — C).

142, The internal bisector of the angle A meets BC in D.
Prove that AD — 2R sin B sin C/cos 3B —-C); end find an
expression for AD in terms of &, b, €.

W ibofd e+ a)b + e —al
b+e ’ a

143. The inseribed circle touches the sides of the triangleg \J)
ABCin X, Y, Z. Prove that the area of the triangle XYZams ©
2% cos 1A cos 3B cos 30, G\

144, Prove that the radius of the inscribed circlp, ‘of the
pedal friangle is 9F cos A cos B eos C. ¢

145. Prove that the radius of the inscribod e‘i’rhe of the
pedal trianglo is (R? — OH"/4R. \

Given the position of the circumeirele a:ugd\ghe orthacentre
of & triangle, prove that the verbices of it%lpg al triangle lie on
a fized circle and that the sides of that triangle touch a fizxed
circlo. MY

146, If the inscribed cirele touches BC, CA, ABin XY, 7
respectively, prove that a cirele @dn be jnscribed in the gquad-
rilateral I¥AZ, and that, if poig fte radius,

1 3% 1

AN s—a

147. The part of the tangent, paraile! to BC, to the ineircle
of a triangle AB ,thlch is intercepted between AB and AG,
has Jength 1. Similarly, m, 7 8I8 the lengths of the parts of
the tangents, (phrallel to CA, AB, respectively, which are
intercepted, between the other sides. Show that

N 2 BN
\V e b ¢

130t R, Ry Ry are the radii of the ciroles BIC, CIA.

ATR,’ respectively, prove that :
2N\ R, cosec $A +. B, cosec 1B + By cosee 3C = 8R.
'“\; ) 149. Show that, with the usual notation,
AH 4+ BH + CH = 2(R 1)

150. With the usual natation for the triangle ABC, prove

that

(i) %—%:cothoﬁG;

__pH ,EH  FH _
@) patEp T FO
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151, If AD meets BF in K, prove that

. AK__ sin Bsin O .
O A= s (B = G
@) AK_ AD

Kb =~ fD

182. Prove that : .
(i) DE = Rsin 20; ¢\
{ii) ADEFE = R sin 2A sin 28 sin 20, NS ¢

Show also that, if ADEH — ADEF, the anglos &\ and B
differ by a right angle. !

153. If A’, B’, ¢’ are the mid-points of the g.‘"_és,. D, B, F,
the feot of the altitudes, prove that A’D = R{n)(C — B), and
that

BC.AD +CA . BE -i—AB.‘Q(B}: 0,
the directions B, CA, AB being taker}x%a‘ positive.
T _ 1. fan O\ Jtan B
154. PI'OV@ that AD — 124 @m
168. If C = 2B, prove trigonciﬁletn'ca-lly that CA = 2AD.

156, 1i @, y, z are the lengbhs of the altitudes of a triangle
ABC, prove that aboxyz = Brigd,

157. The altitudes AD}BE, CF of g triangle ABC meet the
eireumeirele in P, C@"R’ respectively. Prove that '

-\'\ DP = AD cot B eot

and that
> DP_ EQ K FR _
WO o tEEta =L
Prove ak\c';“that

NV APCB + AQAC + ARBA — AABO,

163."In o friangle ABC, @ is the centroid and I the incentra,
gnd GI is paralle] o B Ii PQ is drawn parallel to BC to

,\~tétzeh the inseribed eirelg and meot AR, AC in P, Q, provo that

“\,

(i) PQ = 34, (ii) the perimeter of the triangle APQ is 2(s—a),
and (ii) b - ¢ — 2,

159. From G, the eontroid of a triangle ABC, perpendiculars
GP, GQ. GR are drawn to BOC, Ca, AB.
Prove that
i) PG = 6 5in C,
.. abe{a® 4 b 1 o2
P = -
Gi) APQR TiEs .

— L 7
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180. If P is a point on a line drawn from A to cut B¢
intornally, and if the perpendiculars from P to AB, AC have
lengths h, &, prove that

AP sin A = y/(h* + k* 4 2hk cos A).

161. If P iz any point on the arc BG, opposite_ A, of the
eircle ADRQ, and PD, PE are the perpendiculars from P to AB,
AL, show that DE = PAsin A, and that

PAsin A = PBgn B 4+ PCsin C. O\

162, T€ b > o and if BM, CM are respectively perpendiéular
and parallel to the bisector of the angle A, prove that o\

BM = (b + ¢)sin 34, CM = (b —¢) cos YA,

\.
163. Points X, Y are taken on the sides AT}, O!&',’ﬁspectively,
so that XY is parallel to BC and aqual to BR CY. Show

that AL
' XY = a(2s —a) __ @cos i(’B.\- (43}
- 22 2 gog 3B cos Iy
164. The tangents at A, B, G to’the circumcircle of the
triangle ABC are MN, NL, LM, ‘respectively. Prove that tha

cirsumradius of the triangle LN is }R sec A sec Beec G, and
that MN == R sin A sec B gsc'C.

165, From a fixed point C, tangents CX, CY, of length ¢,
are drawn to & ﬁxed%imle. The tangent at a variable point
P on the circle caté o, from CX, CY, lengths a, b, measured
from C. Shov\\t‘r'rat, for ell positions of P on the circle,
(¢ — a)(f — b)igbis constant.

166. On(BC, CA. AB as bases, and outeide tho triangle
ADCQ, isosecles triangles BPQ, CQA, ARB, with base angles
30°, %Eé\iéscribed. Prove that the triangle PQR is equilateral.

7/ In an .acute angled triangle ABC, the circle on the
dliivude AD as diameter cats AB in P and AC in Q. Show
Sthat
O i A
K\;" PQ = 2Rsin AsinBsinC = -

-

168. A, B, C are points in order on & straight line, and
AB — 20, BO =9, b>a. On AB and BC as digmeters,
circlos are described, and & line is drawn from A, making an

angle @ with ABC, to cut the smaller cirele in P and thebla.rger
ba —
in Q, B. Show that, when AP = QR, cos 20 = s
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169. In & triangle ABC/, BC =b +¢ (A’ —¢ 1 a
AR’ = a + b, where a, b, ¢ are the sides of a triangle AT,
Show that

oot A’ _ cot iB°  cot 3¢
sitA = snB | &sn0
I70. EBC = 5, CA = 4, AB — 3, and if D, B arc pointa on « {
BC, such that PP = DE = EC, prove that

tanCAE =3, tanBAD =, tanDAE =} ()
and find the angles of the triangle ADE, . . i,,}
Ans. /DAE =35°45; sEDA — 86° LAY
/AED = 57° 26, A\
171. The sides subtend equal angles at a pginb'\P’ within a
triangle ABC. Prove that, if AP = 2, BP = Y \OP = z.

Ay — 2) + bz ~ ) + 0w — y)> 0,
172. If BC is produced to (V, CA to M) AB to B, where -
CU = AA" = BB’ =g, and if AA'B'Q™ 24 ABC, prove that
(@ 4 b + o) + (be + ch ¥ ablr = abe.
173. If, in a triangle ABC, R,0R,, R, are the radii of the

ciroumcireles of the trianglesvIBC, ICA, IAB respectively,
ghow that W\

(i) RR,R, =‘§£er,
{ii) R2 -{-,‘E,“ + By* = ZR(2R — 7},
"‘\

¢ &&}
K
L >
79 N/
\¥X/
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CHAPTER X
SOLUTION OF TRIANGLES

§1. Introductory

Tag process of caleulating, from adequate data, the O\

lengths of the sides and the magnitudes of the angles of
a triangle is known as solving the triangle. This c}}@gté’r

. will be devoted to a consideration of the variopg’ cages

which arise, and of systematic methods of carrying ‘out the
necessary caleulations, \J
From the geometrical theorems reg ihgs ‘congruence
of triangles, it follows that a triangle is Goatipletely deter-
mined in the following cases : o\
(i) when one of the angles is knovinyto be a right angle,
and two of the other elementd are given, one of these
at least being a side ; o\
(i) when the three sides arg'given ;
(ifi) when two sides and the angle formed by them are
given; N
(iv} when one side aiiélt\bwo angles are given.
In each of thdse\cases the remaining elements of the

- triangle may bé ealculated by means of the formulse estab-

fished in Chaypter I1X.
In a fifth ease,

(v) wherttwo sides and the angle opposite to one of them
(ape given,

iftmay, or may not, according to the size of the given angle

Cand the relative lengths of the given sides, be possible to

ot

“End the other elements of the triangle without ambiguity.

These five cases will be considered in §§ 3-7.

§2, Arrangement of Caleulations

Calculations by means of logarithms should be arra,n,ged
in tabular schemes, in order that the subsidiary arithmetiecal
155 :

Q!
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operations which are involved may be carried ont with the
greatest possible convenience, and that the danger of a
slip occurring in one of these operations may be raduced to
a minimum. Further, every opportunity should be taken
to apply, at intermediate stages, tests of the aceuracy of
the results that have been obtained ; so that, should an
error be made, it may be detected and corrected as soph,
as possible, and so prevented from vitiating all the aerk
that follows, M
It is an advantage to draw up the entire schefie) or as
much of it as possible, in blank before beginning/tho actual
caleulation. When this is done, the studé’f}} is enabled
to take a comprehensive view of the probigmt before him ;
a and a savipg'ef time and labour
may be efideted, as ib will often
be found possible to make
several readings, required at
dji&erent parts of the scheme,
~during a single reference to @
b* particular table.

§3. Omne Angle Right

Suppose that it is known
that, in the triangle ABC,
C=00° If, in addition, two
¢ other elements are given, at

least one of them being a side,
\J the triangle may be solved
hy% variety of simple methods of which the following are
Sillustrations :
Given a and b. Uss the formulm
tan A = @b, to find A ;
B = 90° — A, to find B
¢ = bgeo A, to find ¢.
Given a and ¢.—TUse the formulix
8o A = a/e, to find A ;
B =90 — A, to find B
& = a tan B, to find b.

~ :.\ Fia. 1.
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Given @ and A.~—Use the formule
B =1 — A, to find B;
b =a tan B, to find b3
¢ = g sec B, to find 6.
Given ¢ and A. Use the formulse
B = 00° — A, to find B; )
a=can A, to find a; N\
b = ¢ sin B, to find b. A
Fazample—Solve the triangle ABC, in which © = 80,40 .
A = 38° 26’ and ¢ = 27-35. O
We have ab once B = 80° — A = 51° 34" The rest ofuthe
caloalation may be arranged as showr. Since @ ==@Sin A,
log a == log ¢ +- logsin A; gimilarly, log b = log¢ 4 Jogsin B.

Values. Logarithmsa
o 2735 1443605
sin A gin 33° 267 | A\I+T9351
sin B sin B1° 347 . \J1-89304
P 17-000 W 1-23046
b 91424 1-33089
B — 51° 34°

Resu@'{a 17-00
A Ly = 2na2.

Note.—In ﬁ]ling\s@r the sbove scheme, the following pro-
cedure should e ohserved., The first thres entries in the
second colurpshould be made before any reading from the
tables is saken” Next log ¢ shonld be read off and entersd in
the third /Goltimn, followed by log sin A and log sin B, which,

a.dde(‘\;n;\tum to logc, give loga and log h.- The table of
antilogarithns then gives ¢ and b for eniry in the second

colurhn.
M;'\’j" §4. Three Sides given
)  Tosolvethe triangle ABC when a, b and ¢ are given.
The method which hag been found in practice to be the
most conveniend for this case, employs the formula
At—ss—a)s—be—a - - )
= A8 . . . &

tan 1A = rf(s — @) ; tan 1B - rf(e Z by
Ctan3C=rfs—¢- - (3)
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The corresponding scheme is shown in blank, with
columns mumbered for convenience of reference :

1 2 3 4 5
g g g E g
= 3 b~ = =
> = & & EXN
3 K KA,
—_ —_— —— TN
N
7 Ry
[ s—a s—a tan jA .\Q&
b §—b s—b tun 48 N\ £
[ s—e¢ s—e tan {C +C
.Q.
Check N\ v Check
23 Sum =23 Al AN Surmn == 40"

The procedure in filling inghe scheme for a partioular
triangle is then as follows,\

In column 1 enter the éiVen values of @, b and ¢; and
add to obtain 2s, Tbis provides s, from which, by sub-
tracting a, &, ¢ in_turh, the remaining entries in column 2 -
are found. O

As a test of ‘the accuracy of these additions and sub-
tractions, ad@ the four entries in column 2. The sum
should be'ds' — (@ + b + ¢), that is, 2s.

In golafn 3, enter the logarithms of s, s — a, s — b,

& —0 " Their sum iz
the oot of the colu

» by (1}, log A%: which is entered at

G mn, and divided by 2 to give log A for
tHe head of the column.

“\“gives, by (2), log r, which

Subtraction of log ¢ from log A
completes column 3.

Subtract, in turn, log {s — a), log (s —B), log (s —¢)

from log ».

The remainders, which, by (3), are respectively

log tan A, log tan 4B, log tan {C, are entered in column 4.
Reference to the table of logarithms of tangents now gives

the values

be 90°,

of 4, 4B, 1C for column 5. Their sum should

In order that the values of A, B, C may be correct
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to the nearest minute, these half-angles should be read,.
when possible, correct to the ‘nearest half-mirute.
""he values of A and 7, if required, can be read from the
table of antilogarithms, and shown in column 5,
The following example shows the scheme completed for
a particular triangle. The stindent should prepare the

soheme in blank, and fill i6 in independently.
Ezample—TIn a triangle ABC, O
@ = 20-57 inches, & — 31:69 inches, ¢ = 2426 inches,
Calculate the values of A, B, C, A, . AN
| g g S
E t g R £
= > g 10 =
§ &
I — | - '___:s s
A | 230708 A 240-51
y saa6 | ¢ | 158274 | o)
r | 081434 NS : 65214
g |20:67 | s—a |1769 s-e 18477 (s 34 | T-56662 BA (20° 1437
s | 3160 | s—b | 657 [s—b| 0BT | tan B | 1906771 4B 44° 47
o L9426 | s—c ]1000 [s—g| 114812 | tan §C | T-60821 o |2 a8y
O\
Cheok (N Cherk
25 | 76:52 Sum=25l %\?2 ;’_\.‘)4-?9415 Sum=00° | 90°

INE L 400 28%; B = 89° 34}"; C = 40° 57';
Resukps*{'& = 2495 square inches ; * == 6-521 inches.
R/

\'§'§“5'. Two Sides and the Included Angle given

o solve the triangle ABC, when, for example, @, b and C
O are given.

\_ In this case we use the formulse

m%{A—B)=letan§(A+B),' . {4

I b
— = e—= N N - 5
T 2R B (5}

¢ = 2R. min C. . . . (B)

N
RGN

Q)
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Formula (4) is quoted in the form suitable when > &,
If @ < b, the equivalent form obtained by interchanging
a and A with & and B would be used,

The blank scheme is as foltows ;

1 2

Values. | Logarlthmns. 28N

a—b A hy
tan H{A4-B) M

+b (v
tan E(A—B) ~“;\

A AN
¢4/ values. |Logrrithms.
B AN A s

ain A O ein B

gin G N

r Check

A

ne

In filling in the scheme for a particular triangle, first
enter in the appropriate places the values of a, b, o — b)

~and (@ -Hbjdand their logarithms.

Next find the value of }{A 4 B), which is 90° — 1C,
and entérit in column 1. Read log tan #{A + B) from the-
mbl@; add it to log ( — 6); and from the sum subtract
logv{a -+ B). 'The result is, by {4}, log tan }{A — B); and

+“¥A — B) may then be found from the tabie of logarithms
“\“of tangents.
\ Addition of (A — B) to J(A B) gives A ; subtraction
of {A — B} from {(A + B) gives B.

One reference to the table of logarithms of sines now
gives the logarithms of sin A, sin B3 and sin C.

By (5), log 2R = log @ — log sin A

=logh — logsin B;
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and log 21t should be found from each of these expressions,
one of the calenlations being annexed to the scheme as
a cincck on the other. :

Finally, by (8), log ¢ is found as log 2R + log sin C'; and
e is read from the table of antilogarithms, from which 2R
may also be found if necessary.

An example of 4 completed scheme will now be given.

Erample.—Tn a trisngle ABC,

@ — 219-7 feet, & — 109-3 feet, C = 45° 83,

Calculate A, B, ¢, R.

%

Values, Logarithms,
a—b 110-4 2-042093
tan 3(A+B) | tan 67° 13§ | ©-37691
— 2-41984
a+tb . 3290 25E720 |4
tan #(A—B) | tan 38° 38’ | 1902641
A 105° 513" N
B 28° 35§ |
~ N
o 219:7,8 )} 284184
sn A N | 198315
2R 228-3 2-35869
sin C 1-85361
© L (16304 2:21230
:t\\
7\

™3
NS
mJ

) 3

given.

The third angle C is found directly as the supplement ol
(A 4+ B); and for the rest of the solution the Law of Sines

~:~'§i{;esu1ts {

is the only formula that ia needed.

Log 2R is found as log & — log sin A, gince 2R = afsin A,

11

Valncs, | Logarithms,

b 109-3 | 2-03864

sin B 167994

2R 2:35870
Check

A = 105° 513 ; B = 28° 354";

¢ = 16301feat ; B = 114-2 feot.

\™ §6. One Side and two Angles given
To solve the triangle ABC when, for example, a, A, B are

N\ ¢
RO

N

\ W

N\
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Then log & and log ¢ are obtained by adding in tum
log sin B and log sin C to log 2R.

The tabular scheme for this case takes the simple form
shown in the following example :

Ezample.—In the triangle ABC, ¢ = 262, A = 45° 13’ and
B = 09° 27. Caleulate C, b, ¢, R.

N
— &\
Values, Lovarithmsa, “'\
e 262 2-41830/%,
sin A sin 45° 13 T-85112 ¢
3R 369-13 2.567%
sin B ain 99° 27’ Tonaos
sin G sin 85° 20 T 76217
& 364-12 NE6194
p 21347 232035

C=35°20'3 b = 3641
Results ¢ =2135% R = 1846,

§7. Two Sides and t‘h:é‘.l&ngle opposite one of them
L given

To solwe the trighglé ABC, in which, for ceample, a, b and
A are given. X\

As in thelcdse discussed in § 6, the Law of Sines is the
only trigngle formula that is needed. We may proceed
thus ;70

\Q,)\ﬁnd log 2R as log & — log sin A ;

Q) find B from the formala sin B = 6/2R ;
~\" (ii) find C as the supplement of (A + B), and ¢ from the
) formula ¢ = 2R sin ¢,

If we assume that the data are consistent, that is, that
thoy refer to a real triangle, thon b < 2R, since no side of
the triangle can be greater than the diameter of the circum-
circle. Hence at stage (i) the following possibilities arise :

b
{=) IR = 1, in which case B is definitely a right angle ;



§ 7] THE AMBIGUOUS CASE 163

(8 2{; < 1, in which case the equatlon gin B = ;R- leads
to two possible values of B, onc acute, the other
obtuse. Bat, if ¢ = b, then A = B, and the angle B
must be acute, since there cannot be two obtuse

angles in a triangle.

The Ambiguous Case—If, on the other hand, a <b‘
so that A < B and the given angle A is bound to be acufe
both of the values of B given by (ii) are valid : Boma.y be
acute and greater than A, or obtuse.

Hence, if the given angle is opposite ths\smaller of
the given sides, there may be a,mblgu.lty Prless, as in
(%), the angle opposite the larger of the giyén sides is right,
two different triangles can be found golfit the data, and
further information is needed if the~t1%ﬂgle is to be deter-
mined uniquely.

Tke foﬂowmg example show’s \iow the solution may be
arranged in the case where, gzmhlgulty 0CCUTS :

Example.—Bolve the triangle ABC in which
a — 602l b = 1073, A = 33° 18,

A\
valudy { ™ Logarithms,
b 2072 2.03019
O\ OR
a o 6021 177967
sin Ao f)sin 33° 16 | L.73919
\Y4 Valnes, Logarithms.
& 204048
3 %inB | sin 7735 | 108971 sin 102° 25"
sin ¢ gin 69° % 1-97058 gin 44° 19’ 1-84424
P 10258 201106 76689 1-88472

Fithor B — 77° 35’ ; © = 69° 95 o = 102:6;
Remltﬁ{or B = 102° 25 ; C = 44° 19 ; ¢ = 76-69.

It is instructive to examine the above ambiguous case
geometrically.
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Let £DAC be equal to the given angle A, and let AC be
equal to the given side . Then the third vertex B of the
required triangle ABC must lie on AD, and on tho same side
of A as D. To find its position, take € as centre, the given
side a as radius, end deseribe a cirele. If the data are con-
sistent, this circle will meet AD. 1t will either (Fig. 2}

C

N\

Fre. 2. \J

{i) touck AD, at B, the third vertex of the triangle ABC ;
or (ii) eus the straight linedAD in two distinet points, B (on
the same side of AB® D), and B, {on the oppozite side

of A), B being #he required third vertex ;
or (iii} eut the straighf\line AD in two distinet points, B and
B,, which areyboth on the samec side of A as D. This
can happén only when a < b, and of course, ag thabt
condition implies, the angle A is acute. Each of the

triaqlg’]es ABC, AB,C is consistent with the data.
A/

. "\:j‘\“‘ EXAMPLES X
_ N\t&i the right-angled triangle ABC in the following cases :
WG =90°, a—43, b =171
A\ Ans. A =31°1%, B = 5848, ¢ = 83-01.
O 2A=90°, b=2735 o= 1980
9, Ans. B =53 58), € = 36°1}, a — 3-382.
3. B=900° c=6472 ' g — 1258,
Ans. C=179°0 "A =11°0, b= 6593
4. C=190° a =643, ¢ = 946.
Ans, A =352, B — 54°58, b= 7746
5. A=090° o=9343 b — 8011,
Ans. B =59° 1Y, C=350°58), c= 4808,
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6. C=90°, B=237, b=058 '
Ans. A =153° a=T7697, c=96-38
7. B =90, 0=63, a=4925
Ans. A = 27°, ¢ = 9666, b == 1085,
8. A =190° B =178 13, a= 1489,
“Ans. O =11°47, b= 1458, ¢ = 304-L
Solve the triangle ABC in the following cases:

9, a =25 b=237, c=48.
Ans. A = 30°54, B =49°27, C = 9%° 39"

10. @ — 69, b= 38, ¢~ 57.

Ans. A — 80° 54, B = 33° 25 0—55°41"

1l. ¢ = 725, b =548, ¢ = 474,
Ans. A =90°4, B =49°¢, = 40"6}0'
12. & = 78, b = 148, ¢ == 218,
Ans, A=11°0"; B = 21° 13, c\&»‘lw 48",
18. @ = 10-58, b = 31-69, ¢ = 24-2
Ans. A =15°37, B =1265Q%, C=38¢.
14. ¢ = 9613, b = 62:42, ¢ = %O 05.
Ans. A =88 14, B =40>28, C=51°18"
15. @ = 985, b == 1753, o= 2214,
Ans. A = 26° 32, ,B &= 50° 5, O = 104° 24",
16. @ = 1624, b = 2195, ¢ = 100-3.
Ans. A =45° WM\ B = 106° 8, C = 28° 35,
17. a=883 b =920, o= 1014.
:\55 10, B =44°32, C=177"18,
18. ¢ = 105 130, ¢ = 155.
Ans., A‘ 42° ¢, B =567, C = 81°4T,
19. ¢ =812 b =404, ©=116.

Ans; JA =382°1F, B ==136° 24, ( = 11°25",

0. (ue 402, b = 861, ¢ = 11¢T.

A =25°13, B =48° 11, C = 106° 26,

.s\
W21 ¢ = 7142, b = 5387, o= 6029.

o

Ans. A=1T77"14, B =47 2l, C = 5§° 25"
92. @ = 111, b =188, ¢ =270,

Ans. A =17°54', B = 32°40, C=129"2¢".

23, @ = 17-39, b = 2288, ¢ = 15-47. _
Ans. A =49° 26, B =888, C=42°3I.
94, @ = 5134, b == 7268, ¢ = 9313,
Ans. A = 33° 16, B =50° 56, O = 95° 48",

25. ¢ — 120, b =20, ¢ — 10L

Ans. A =124°69, B =11°25, C=43°368.

\ >
‘.

165
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26, ¢ =81, b =229, r= 232,
Ans, A =15°11, B =179 37, (=8 12.
27. o — 41-39, b = 5538, o — 69-17.
Ans. A —386°45, B =533, C— 9 1%,
28, ¢ =87, b =44, ¢=15.
Ans. A =53%, B=107"57, C=18 55
20. b — 632, c=410, A — 50° 16"
Ans, B =89° 1T}, C=40°26}, =486l
0. b = 3309, ¢==56i-4, A — 80° 24", A\
Ans. B =32°11%, C© = 117° 24}, @ = 314350
3. ¢ — 2197, b =1093, C = 45° 33" N
Ans. A =105° 51}, B = 28° 35§, o /2630
82. 0 = 1010, b=1892, C=41°1.
Ans, A =30°24", B = 108° 35"\ e 1310.
33. ¢ = 830, a= 1784, B — 118° 5.
Ans.” € =19°1, A =42° 6> b = 2247,
34, ¢ = 1820, a = 1264, B =50%31
Ans. C=69°%, A — 40596, b— 1887,
35. b = 4167, ¢ = 82- 32 A= 717 14,
Ans. B =20°47), @'=78° 58§, a = T04L
36. b = 1321, ¢ =808.6 VA = 127° 30"
Ans. B =331 0 =19°20, a=1923.
37, b = 3724, A 1930, A — 63"
Ans, B —-~s\1° %, O == 30° 5T, = 340-6.
38 a = 723 s\\b = 4685, C = 145° 17,
WA= 217117, B = 13° 382, ¢ = 1140.
39. « _,121:. b= 303, O =67°15.
Ang/ A =17°52, B = 904°5%, o= 3637
40, 3975, b = 3320, O = 44° 41"
“\VMAns. A =79°59, B = 55°20, ¢= 2338
ﬁ* ¢ — 1656, a=3724, B — 85° 5%

A\ Ans. O =24°36", A — 69° 26/, b— 3-963.
(NY 43, ¢ = 4543, o =42-68, B — 03° 47,
N Ans. O =44°47, A —41° 96", b — 6435,

\ 43. ¢ = 5175, @ — 6994, B — 12° 22

Ans. C = 29° 45, A = 137° 5%, b = 2234,
44, b = 60-21, ¢ = 2509, A == 89° 51’
Ans. B = 87° 301, C = 22° 38, @ = 66-17.
45. b = 250, ¢ =: 1026, A — 123° 13",
Ans. B =10°12, = 46°36’, g = 118l



N
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46.
47.
48,
49,

50.

54,
53,

56.

B7.

58,

EXAMPLES

@ = 275:5, b= 3424, © =137 13"
Ans, A= 18° 58, B = 23°49, o= 5758

e = 089-3, a = 8937, B = 18° 36"

167

Ans, C = 97° BT, A = 63°26), b =318T

¢ — 49-98, o = 52:52. B = 100° 50"
Ams, O = 38° 241", A = 40° 45}, b=T90L
@ — 5006, B = 47°18’, C = 62°45"

Ans, A — 69° 57, b= 2821, c=3413.
o= 1571, B =526, C=109°20.

Ans, A — 18° 34, b=1314, a=35301

b == 1072, A =33°1¢, O=44"10". .
Ans. B — 102° 25, o= 6021, o= 76697

g =26, A= 45013, B==199°27. X

~

Ans. O = 35° 20, ¢ = 2135, b= 334,

8208, A=1529, B =56 N

s, O = 70° 55, « = 267-9, {bi= 2843,
b — 3525 A — 63° 2T, C=71952.
Ans. B = 4d°41’, @ =484, o= 4764
a = 0182, b = BG4, Be=57° 127
Ans, A —37° 18, (5=985°30, c= 10170,
o — 47-23, a = 56-55,° C = 48° 8T
Ans. A= 63° g%, B =67°26, b= 58:13;
or A==13623, B= 15° 207, b = 1864
o — 046, @l'p43, A =34 40
Ans, GBS 14, B=62°V, b= 841-3;
ory O 96° 467, B = 48° 29, b = 7138
Q.
b L3607, ¢ = 3842, B = 32° 19

Aps © =300 43, s 1197 68", @ = 6212

S

O%r c—1a5017, A=2024, &= 28-26.

o
Satt C.

3
a0,

Ans.
61.

A bhoars W. 62° 19 N. at C, and B bears E. 43°

4 o'
< 3

38’ N.

N I AC = 56-3 and BC = T7-5, caleulate the length of
\JAB and the bearing of B ab A,

Ans. AB — 523, E.2°81¥ N

Solve the triangle ABC n which ¢ = 205, a = 318 and

A — Q= 48° 51"
A = 89° 17}/, B = 80° 16°, O = 40° 26}, b= 2430"

Solve the triangle ARC in which CA = 99:31, AB = 5750

and the angles opposite these sides differ by 82° 40’
A — 53° 15, B=122° 2}, O == 104° 42}, a = 47°83-

Ans.
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62. In atrianglo ABC, @ = 297, b — 215 and A —B — 74° 10",
Find A, B, C, cand R, -
Ans. A=1157 B = 40° &7, ¢ = 23° 56, ¢ = 133
R = 164,
63. Show that, in any triangle ABC,
(b —cycos A = asin B — ),
and solve the triangle when 6 — ¢ = 48, B = 67°, (! = 56°,, A\
Aps. o = 440-1, b =4831, ¢ = 4351, A — 570 A4
84. Solve the triangle ABC in which G =432L.5 — cmlFI2
and A = 52° 33", N
Ans. B =771, C =50°21, b — 6208, ¢ — 186
65. Find all the angles of the triarigle ABCain, Which the
circum-rading is 7 ches, @ is 12 inchos and &<a.d i8 5 inches,
Aps. A =5Y%, B =g]° 6’, ¢ =347 14",
66. Bolve the triangle ABC in which ,x',\\'
©=21'83, &—b=11-95 A =45 2.
Ans. A =67° 26}, B = 2%° 61, B = 90° 28, g = 20-16,
: b=82L ™
67. Show that, in any triangla ABC,
@ co8 $(B — CPss{b - ¢) sin A,
and solve the triangle in which'e = 337, 5 4 ¢ = 480, A — 4"
Ang, B = 97° 44, O 18° 15y, & =38718, ¢ = 1175,
63. Tf, in the triafigle ABC, b +e=06935 a= 3758,
A = 38° 40, find Brand C,
Ags.\NB = 123° 1, © = 187 19"
69, Solve the trisngls ABQ in which o + b 4+ ¢ — 354
inches, @ =\98/inches, R = 102 inches.
Ans. Ars229° 2, B = 125° 16, C — 25° 42, b = 1666 ins,,
\™ ¢ == 885 ing.
79§Show that, in any triangle ABC,
2 ”; (b 4 e)sin 1A = g sin (A + (),

¢and solve the trisngle when o — 5, b 4¢=11, A = 50°.

N Ans. B = 88° 36, C=43"24", p— 6-516, © = 4-485.

71. Solve the triangle ABC for which
& =3742, b 4o — 62-51, A — 72° 35,
Ans. B =45° 11", ( = 62718, b= 3782 ¢ == 34-60.
72. Bolve the tri angle ABC for which
@ =6281 phle= 83-24, A — §5° 32",
Ans.' B =134, (= j101° 24, b = 1560, e = §7-65.



x] EXAMPLES ’ 169

73. In any triangle ABC show that
(@ + b +c)tan 3B = (¢ + b — ¢) cot FA,
and solve the triangle in which
o+ b =296 c=060, A =G5
Ans. B = 46°84", O =786, o =05023 & =44T77.

74. Solve the triangle ABC in which

@b =135 ¢="1T71, A=41°12, O\
Ans. B =726, C=06°4%, a=55622 b=7T9T8\"
75. Solve the triengle ABC in which | 4 .,’j.‘ bt
@ +b=1432, ¢ =755 A =50°28. s
Ans. B = 66° 3%, = 62° 56°, @ — 6536, B&E77-83,

76. Find the lengths of the sides of the thdngle ABC in
which A = 53° 14, B =67° 22, and o< O+ ¢ = T74-18
inches, AN
Ans. @ = 22:09 ins., b = 26-49 ins,\ & = 24-70 ins.

77, Solve the triangle ABC in which )" ’
A =37°21", B=384"g8 s=2864
Ans, O =358 &, a= 14-1.8;' *h = 23-26, ¢ = 19-84.
' 78. Show that, in any triangle ABC, a = (b 4-cjcos f,
where 0 < 8 < 90° and (8% c)sin § = 24/(bcjoos JA. Tf
b = 1558, 6 = 12-24, A =62° 44', find # and a.
Ans. ;3«% 57° 57, a = 14-76,
79, If b = 120, 5= 930, A = 128° 36', find 4, B and C.
Ans. A 190, B = 176", C = 34° 18",
80. Show tl:igﬁ',' in any triangle ABC, a = (b —¢) sec ¢,
where 0 < @'=7180° and (b — o) tan ¢ = 2+/(be) .5in $A. If
b = 27-63,6215-25, A = 105° 18/, find @, I3, C.
(Ang. o =3490, B=40"47, C= 24° 85,
8%, Solve the triangle ABC in which A = 82°,
“\'T:" cos B —cos C = 025
\ahd BC = 12-4 feet.
\J Ans. b= 74961, c=10-68 ft, B = 3%° 28, C = 58° 32.
82. Show that in any triangle ABC
g =R (gin A + sin B + sin (),
and solve the trisngle in which B = 81° 40, C = 44" 27,

G+ b+ o= 8430
Ans. A — 73°53%, o =3187 b=2920, o= 2323
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83. If, in the triangle ABC, & = oos Ajeos B, prove that
@ + b 1—%
‘T3 %’
and hence solve the tcmangle for which a =20, 5 =15,
2 cos A == cos B.
Ans. ¢=1962, A =696, B =44°20, C = 66° 25,
84, Show that the area of a triangle ABC is equal to A ’
1a? 8in B sin C cosec A, .\' N

and hence find the lengths of the sides of the tnancﬂmn " hich
A = 62° B = 43°, and the area is 540 squaro umtg\‘\

Ans. @ = 3805, b = 20-39, c_uq}

If the internal hisector of the an \@ of a triangle
ABG meetz the opposite side in D, show tg\.si\

bo
AD = 2R cos %(B KG)

Ii A =67°, B = 48°, R = 125 ﬁnd'the length of AL

tan® H{A + B) =

JJO»é
K N
&N
N\
D
~N\
¢ &&.}
O\
RO
AW
PO
&/
A\
O
A\
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CHAPTER XTI
HEIGHTS AND DISTANCES

§1, Introductory

in which the object is to caleulate, from date consisting of
distances and angles which can be measured directly; dis-
tances and angles which cannot be measured , Giréetly.
Such problems arise in the work of the surveyety'in which
clementary trigonometry finds some of its mbab“important
practical applications. For a description pfthe instruments
and the methods employed by the sur¥eyor in measuring
angles and distances, reference ghould e made o any text-
book on surveying. A\

§2. Angles of Elevalion and Depression

Let an object O (Fig. 1) b ohserved from a point A, and
let D be the projectiqg{if € on the horizontal plane through

A D

s ,‘ﬁ(\n o
\M Fia. 1.

A‘.’.f'ﬁ\_‘h;;n the angtle DAC, which the straight line from the

_poiht of obse rvaion to the ohject observed makes with the
{hopizontal, is called the angle of elevation of C frem A or

the angle of depression of C from A, according as C is above
or below the horizontal plane through A. The terms
elevation and depression are often used instead of angle of

elevation and angle of depression.
Since DU = AD tan DAC, the distance DC can be cal-

culated if AD and £ DAC can be measured,
171

N

Ix this chapter a number of problems will be considered N,
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§ 3. To Determine the Height of a Distant Object

For the present the effect of the curvature of the carth
will be neglected, and the torms on the same level g A and
in the horizontal plame through A will be regarded as

Synonymous,

Let C be an inaccessible object whose height % ahove the
horizontal plane through a point of observation A is N
be found, _ AN

It is nocessary to use a second point of obscrvation B,
which should if possible be taken in the horizodtal plane
through A, and so situated that its distance ftom A can
be measured. AB is called #he base fine {the unknown

distance % may then be expressed in tentad of the known
: N

A a B AN 3
W Fre. 2,

distance a, and cireifler functions of angles which can be
measuted by theddolite or sextant.

In what foll6ws it will be understood that the base line
is horizontal] ‘wnless the contrary is stated.

Casg h<EWhen the base line is in o vertical plane through
C. (Eiga2) '

In~this case the only angular observations which are
naQie’d are the angles of elevation & and 8 of (! from A and

respectively, When these are known, % may be con-

N nected with o by means of the Law of Sines applied to the

triangle ABC, it being noted that, from the right-angled
triangle BDC, BC = Ajsin 8. _

Thus ———.BC = —..._.._.AB
sin BAC ~ sin ACBE’
whenge : M = @

sia  sin (B — g
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@ sin « sin )

_adnadnp m
sin (8 — o)

If & is to be evaluated by means of logarithms, (1) should
for greater convenience be written .

Thercfore

} = q sin o sin 8 cosee (B -- ). A

Casn 2. When the base line i8 at right angles to AD. |
(Fig. 3.) - O

N
N/

Fra. 3.

Two angular'ob}e\rva,tions are required in this case also.
(i) Let thg::\’él;év\ations « and B be measured by thecdolite,
Since CI?,ié,pérpendicul&r to the plane ABD,
A AD = heotw and BD =hoot B
HQ"}»E: from the right-angled triangle DAB,
:..\?3" B cot? 8 = a? + h® cot® a.
N\ @
N/ Thus Rt = m
_ a? gin? o sin® B
= & (o + p)sio (@ — AY
@ sin o 8in B

h = (e 1 B oin (@ — B))

Therefore

2)
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The student should verify that the same result is obtained
by wuszing the right-angled triangle CAB, in which
AC = hfsin « and BO = A/sin 8. Alternatively, we might
proceed thus,

(ii) Let the clevation g of C from B, and the angle DBA, .
which is in a horizontal plane, be moasured by theodolite. N\
Then, if /DBA = ¢, we have, from the right- angled

trlangles DAB and BDC, _ N
h = BDtan § = a sec ¢ tan §, \‘ NE))
& formula more convenient in practice than (fQ ‘ !

Example.~1Ii the base line AB is taken 50 thai’ / ADB = }=,
show that A = a/4/{cot® o 4 cot? g). N
2,4

Case 3.—When the base line is obligaie to AD. {Fig. 4.

,\' Fie. 4.
In ch:s case three angnlar observations are needed.

\&) Lot the elevation « of C from A, and the horizontal
Jangles BAD (f) and DBA (¢}, be measured by theodolife.
"\ Applying the Law of Sines to the triangle ABD, whose
"~ angles are known, we have
AD AB )
g mOTH
and, since AT = Aftan g, this gives
sin (8 + ¢)
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If the elevation § from B is used instead of ¢, the result is

_atanf sin & 5
S = A
The student will note that (3) may be deduced from (5)
by putting & = 80°. A
Alternatively (Fig. 5) : \
c: Oy

Fra. &) g
(ii) Let the elovation o b@cfﬁléasured by theodolite, and
the angles BAC {y) and CBA {3) by sextant.
Then, from the triangle ABC,

ad | AB
\\sinﬁ__ gin (y + &)
and, since A.GZ; hfsin o,

P\ h___a,sinotsina 6
P\ ____-_-___-_'sin('y—l— 5 . . (B

' )

 Abhould be noted that the result (6) holds whether the
whase line is horizontal or not, and is on that account more

~O enerally ugeful than (5).
\‘ If in (6) we replace ¥ by o,

obtain (1).
§4. To Determine the Distanee between two
Inaccessible Objects

Let C and D (Fig. 6) be the objects whose distance i3

apart is to be found, and let a snitable base line AB of length
@ be chosen., As@ rule AB and CD will not be coplanar.

and 5 by 180° — B, we
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It the angles BAC () and OBA {B) are measured, the
length of BC ean be found from the triangle AT3C in which
one side and two angles are knowrs. Similarly, if the angles
BAD () and DBA (3) are measured, the length of 3D can
be found from the triangle ABD. The Law of Sines gives

BC = g sin «/sin (« -+ 8); BD = @ sin wfsin (y 4 8).

~c  Now, in the t;'{{ N\
angle BOD, sthe*
lengths of the gides
BC and BDY are
known ; £ there-
fore, £H6\angle CBD
whick\they form is
megsured, the length

8f‘the third side CD

A « 8 A2N\gan be ecalculated
Fie. 6. \ ™ (Chap. X, § 5).
o Of course, should

AB and CD be coplanar, thelangle CBD = g — 5.

Alternatively, we mightvdaloulate AC and AD from the
triangles ABC and AB;E),..nieasure the angle CAD, and cal-
culate CD from the tfiangle ACD. If a careful check were
considered desitable, CD might be evaluated by both

methods. N

N

.r'.

Brample—£A.B, €, D are four points which are not coplanar ;
AB = 1742 yards ; BC and BD subtend at A angles of §1° 2§
and 110°47 respectively ; AC, CD and DA subtend at B
angles(0f '92° 12 65° 32" and 31° 40 respectively. Calculate,
corz&“to the nearest yard, the length of CD.

~Beferri.ng to Fig. 8, we have g = 1742, « = 61° 23,

L PE=02° 12,y = 100° 47, 8 = 31° 4y and /CBD = 65° 32°.
“\“Hence

N

BC = 1742 sin 61° 23’ cosec 1537 35°
= 1742 sin 81° 23’ cosec 26° 25 A

and BD = 1742 sin 110° 47" cogee 142° 36"
= 1742 gin 69° 13’ cosec 37° 247,

Having found BC (4) and BD {c), and knowing /CBD (B),

* we use the schems of Chap. X, § 5, to caleulate CD {b). The

o
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formulse involved are :
. tan #H{D — C) = d+ ta.n%(D—FG},

disnD = 2R {=¢/inC); b = 2R=zin B,
The logarithmic work is set cut below ;

Logarithms. Logarlthms,
1742 3-24106 1742 324105 )
sin 61° 23 T-04342 sin 69° 13 To7078 &)
cosee 26° 257 035175 cosee 37° 24 021654,
BC = 3437-4 353622 | BD = 2681-4 | 342857
Yaloes. | Logarlthima, s X\\“
¢ x\ e
2—e 756-0 2-87862 | (\Y
tan D40} | tan 57° 147 | 0-10137 [ ™
-— — 306989, 1S
d+te 61188 | 3-78667\
tan (D —C) | tan 10° 52" | 1-28322
D 6576 [
-] ., 7N
C 46° 22 R
a 3433} 353622 | e | 26814 | 3.42837
sin D 1-96747 | sin C 1-85960
2R 3-56875 | 2R 356877
sin B ¢ Bui 65° 32 | I-95914
b \ 33720 352789
N &
'.‘\ Result : CD = 3372 yards.
AN §5. Miscellaneous Problems

\ “Brample 1.—The elevations of C from A and B are « and B
fespectively, B is vertically above A and AB = a; find the
height & of C ahove the level of A. '

The exterior angle of the triangle BEC at E (Fig. 7) is
Hence /BCA =« — . From the triangle ACB

AC » @
sin (80° + ) sin (x — By’

12
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A @
Therefore gin 2 cos B s (x — B)
which gives = g #in o cos B cosec (x — A

Erample 2,—The base line A has length «, lies in the ver-
tical plane through C and makes an angle ¢ with the horizontal.
The clevations of C from A and B are o and B respectively. .
Find the height of ¢ above the level of A. \

From the triangle ABC (Fig. 8) A\ ¢
AO _ A-B ) '\' \..\
gsin ABC ~ &in BCA® « \J
hfsin, « a R N

SI{180° — (8 — 6)}  #n(f — ) ;'\'(.’

Fie. 7. "4 ' Tra. 8.

&

Therefore A = aﬁi_ﬁ}sﬁl (8 — 0) cosec (8 — a);

& result- which ce}lﬂae; obtained from {6) by putting v — o« — &
and8=180°:;_‘(13_3). {6} Yy P 2y

Ezxample, #7From a point directly opposite tho middle of
one side,of & square tower and distant d from it, the olevation
of thg:,,{q of the fower is observed to be =, and the clevation
of atop of a Bagstaff erected at the middle of the top of the
ta is observed to be g. From another point on the same
'!.Qij'el, at a distance o from the first directly towards the tower,

o the top of the flagstaff can be seen and no more. Find the
"\ height of the flagstaff.

V' InFig. 0let /DBC =g

Then = 2C_dtane
b d =B = 7 a
Also ER EC _ EC/CA

Chb ~ B ~ TB;0a’
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which gives, when we apply the Law of Sines to the triangles
ACE and ABC,
h  _sm{f—a)sin(d—f
dtana #in oc/sin @ *

Therefore h = d sin & sin (§ ~ o) sec « cossc (8 — B), where
tan 8 = & tan ef{d — a).

E A
h ,:\t\,,
CF X O
AN b
+%4
AN\
¢ \}
h
) r & A ) \J
A @ 8 ..’ At D
p.__..._...-—.,......_.-...d.---_..--__’:-‘.‘.‘.}.-.-.A..--v{
Fie. 9. \)

FBrample 4 —AB is a horiZQQba‘lfifhse line of length @. From
A and B observations are made on a round tower, and the

™

A a B
Fra. 10,

angles marked in Fig. 10, ali of which lie in & horizontal plene,
are measured. Find the radius r of the tower.
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From the triangle OBP, r = OB sin 18; and from the
triangle QAB,
0B - AT )
gin (e +4y) ~ sin{l80° — (o - &y 18 + 18
Therefore
* = asin 8 sin (@ + }y) coseo (x + £ -+ v + 48}
By a similar methed, starting from r = QA sin 1y, we obtain .
the equivalent result L\
* = asin {ysin (8 + 13) cosec (o - 3 + ﬁy + 18). N
Example 5.—A and B (Fig. 11) are points on the grouiid.
By means of a theodolite T, placed verbically abqui A} the

¢Qa

Fia. 11.

+ O
angles of elevat}wn » 8 of two marks P, @ on a staff held ver-
tical at B ere medsured, If PQ = #, prove that the horizontal
distance 4 of Bifrom A is given by :

xt\‘": g = 5208 % cos B
'®) - sin(g— )’
an;l‘%sﬁ; the rise in level & from A to B is given by

e h=p+gqg—r,
O, &sin o cos g
J
\ “where P= T q= AT, r = BP.

§6. Curvature of the Farth’s Surface

Correc_tion n calculating Heights—In the problems of
§3andin §5, Ezamples 1, 2, no allowance has been made
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for the ourvature of the earth, the distances involved being
agsumed not to be so great as to render correction for cur-
vature necessary. . '

Let Fig. 12 represent a section through the centre O of
the earth, the earth being con- d
sidered as a perfect sphere of
radius R.

Let A be a point of observation
whose height above the earth’s
gurface is ¢; and let C be an
object distant d from A, and
abserved to lie in the horizontal
plane through A. Then AC is
perpendicular to QA.

C is apparenily on the same \
level as A ; but the point B on & e, 12,
0C, such that OB = QA is actu- A/
ally on the same level as A, that, is,/at the same height
ahove the surface of the earth.tHence to the apparent
height a of C must be addedifhe correction BC in order
that the true height may b& ebtained.

Now o

BC == OC — OB _—Cg,c\{m +af - at - ® + a)
— s oft () -

. d
=t Fre " Rta
NV e

.,}.j%m(; +5)

R

is very small,

= ;%, sinece % is very small.

Hence an object & miles away, which appears to be on
the same level as the observer, is approxima!;ely d’,!2R-of
a mile higher, R being the namber of miles in the radius
of the earth. Sinee R = 3960, this correction is d3/7920 of
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a mile, or 242 feet. From this the surveyor obtains his
working rule :

Correction in feet = § (distance in miles)?,

Example 1.—From a station A, 423 feet above mean seq-
level, an object B, 21 miles distant, is obscrved through &
horizontal telescope. What is the height of B sbove meun
sea-level ¢ LN

True height of B = Height of A 4- correction for curvabiwe ’
=428 + § ., 21 feet R
= 717 feot. !

The Horizon.—The points of contact of tap.génls from A
to the earth’s surface (Fig. 13) lie on a civold whose plane
A g Is perpendicular to OA.
* Thisdgircle, which is the
é houndary of that part
a (of the surface which is
o\ * visible from A, is the
---------------- e\ 0y Rorizon of the point A.
W\ The distance AT from
B A to any point on the
\"i circle is called the dis-
A tance of the korizon from
L\ ) A. Tt is the maximum
0 : distance at which an ch-
% ject placed at A counld
,\ : be seen from the sur-
e\ &/ _ face of the earth. "The
> angle of depression
Z BAT from A of any
AN point on the circle is
“wealled the dip of the horizon from A. 1% g4 is the height of
v A above the earth’s surface, then

Y

2 S

NS Fre. 13,

{

AT = (R + o — R* = 2R(1 4 5%) = 2R,
since /R is very small. Her e

Distance of horizon from A = v(2aR}). . ()
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If the height of A is @ feet, the distance of the horizon

. a . . . .

=4/2. 5530 " 3960) miles = 4/(£a} milez; which gives

the rule: :

Pistance of horizon in miles = 4/(§ X height in feet). (8)

Again, if /BAT = ¢ radians, we have, since /BAO
and / OTA are right,

~ AT 2 ¢(\A

tan ¢ = tan TOA = 5 = \/(f:)’ from {7).' O

Hence, since ¢ is very small,* ¢ = \/ (2—];4) . The;ei'é;;
. 2% )
Dip of horizon from A = \/ (ﬁ) radians 4

o\
. 180\/ a9
= (B{}\degmes. . 9

. AT RS, .
Note that, since ¢ = B the,dip of the horizon in radians
= (the distance of the horizotrin miles) - 3960.

Example 2.—Find the distance & and the dip ¢ of the horizon
from a point which is /720 feet above sea-level.

From (8), 4 e\ié(%’x 720) = 32'86 miles,
Hence N\
3286 000
= 360 gf a radian
’=3T-———-—~——N6 :Qét?g x 80 minutes
\.%‘ 98-58 minutes.
@herefore d = 329 miles and
/N\$ = 285 minutes. B

) If an object B (Fig. 14) ab
height b above sea-level is just
visible, beyond the horizon,
from a point A at height a
above sea-level, AB is a tangent, at the point T say, to
the earth’s surface.

* If ¢ is the number of radians in & very amall angle, ‘tan ¢ = ¢

Fie. 14
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Then AT = 4/(2aR}; BT = +/(26R).
Therefore the distance d from A to B is given by
| 4 = 1/(2aR) -+ v/(25R) ;

or if @ and b are expressed in feet,
Cd=a/Ga) & /@b miles . . (10)

Ezxample 3.—The look-out of a ship, from & position 75 fe}eﬁ\
above the see, can just ses the flash of & lighthouse tv[hoso
lamp is 182 feet above sea-level. How far is the ship ffom ths
Hghthouge ? : <)

From (10}, we obtain m'\'\ /
d = {F X 78) + /(3 x 1820
= 10-61 4 16-52.
The ship is therefors about 27-1 miles f_z-’qé'tha lighthouge.
( {&

3

EXAMPLES XIN

1. A man standing on a levelyplain observes the elevation
of & captive halloon to be 35% % He then walks 1000 yards
towards the balloon, and finds, that the elevation is now 52°,
Determine the height of the'halloon. '

Ang. 1546 yards.

2. From a point on\fhe bank of a river the elevation of a
tree directly oppesite.én the other bank s 35° 192 ; at a point
120 fest back fl'()gz{the first point and in line with that poink
and the tres the clevation is 16° 30, Caleulate the width of
the river gndithe height of the tree. '

O\ Ana. 87 fest, 61 feot.

3. A Porson in a motor-bost which is sailing dus south

' obseKv& that a beacon lies in the direction 33° east of =outh.

When\the boat has covered a further distance of 858 yards, it
is}found that the diroction of the beacon is 57° east of south.
~Assuming that the course of the boat remains unaltered, find

»\‘ wat what distence from the beecon it will pass.

\

Ans, 402 yards.

4. A howitzer is firing shrapnel, and an obscrver at the
gun notes that the burst takes place at an elevation of 22° 42,
while an observer at a distance of 310 yards right behind the
gun finds that the elevation of the hurst is 18° 18", Find the
height at which the shelly are bursting,

Ange, 490 yards.
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5. From a balloon the angles of depression of the top and
the bottom of a tower whose height is % feet are observed
to be « and B. Show that the height of the balloon above
the ground and itz horizontal distance from the tower are,
respectively, :

A ocos o sin feosee (§ — «), A cos «cos §cosec {§ — a).

If A = 112 feet, o = 4° 30", § = 5° 12/, find the height of
the balloon end its distance from the tower. A
) Ans. 828 feet, 9102 feeot. AN

6. An observer finds that a captive balloon, situated {ue
north of him, hes an angle of elevation 33°, while a gécond
obscrver, at a distence of 500 yards due west of the first ob-
gerver, finds that the angle of elevation is 21°. Find‘hb height
of the balloon. A\

Ans. 238 yards.

7. A tower of height 2, whose cross-sectign s a square with
side of length 20 feet, stands on a level plain. An observer
wallts away from the tower in the lmpai one of the sides of
the hase until the elevations of the twa eorners which he can see
are 54° and 43°. Find the height A

Ans, 25:4dest.

8. The angle of elovation of the top of a chimney from &
place P due north is 2o, axidifrom Q due east of P the angle
of elevation i «. Show thet the height of $he chimney is
given by : S ' _

h =:=‘i:1‘,b‘{sh:1 « gin? 2¢ cosec 3u},
where PQ) i of lehgth ¢, and P and Q lie in $he sams horizontal
plane as the fobg of the chimney.

Caleulate A ii‘e = 350 yards and « == 10° 30°.

- NS Ang. 74 yards.

9, Afverfical flagstaff AT stands st & point A on one benk of
a s@gﬁt river; B and C are points on the other bank such
thet B is directly cpposite A and M is the mid-point of BC.

Ji $ho angles of elevation of T, the top of the staff, from B, C

p ~\”aﬁd M are o, § and @ respectively, show that
& ' 4 cot® § = 3 cot? u + cot? B. .

10. Trom & point at a height b above the level of the water
in & loch the elevation of the top of a tree on the opposite side
of the loch is «, and the angle of depression of the reflection of
the top of the tree in the loch is 8. Proave that the height of
the top of the tres abova the water is & sin (8 + o) coseo {—a),
and find its distance from the point of ebservation.

£
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I b is 10 feeb, iz 9° 27/, and g is 13° &', find the height of
the treo above the water, and its distance from the point of
obaervation. : :

Ans. 2% cos «cos f coses (B — «), 60 foet, 209 foet.

1L. From a window of & house on one side of a street the
angles of elevation and depression of the top and the foot of the
heuse opposite are found to he « and g respectively, If k& is
the height above the street of the pomnt from which the angles

are measured, and if % is the height of the house opposibé; )

show that \
b = ksin {x 4+ B)sec o cosec p. \

Tt & — 25 foot, o == 33° 18", § == 37° 42', determifio'k and
find the breadth of the strect. +¢7)
: Ans. 46 feet, 32 feot. 2\9

12. Looking out of & window, with an eyg\at'the height of
15 fect above the roadway, an observer ﬂn%s‘that the angle of
elevation of the top of a telegraph post i 17° 18°, and-that the
angle of depression of the foot of thepns 18 8° 30°. Calculate
the height of the telegraph post, #ndits distance from the
ohserver. g ™
Ang. 46 feaf; 100 feot.

13. A and B are two pointe\# distance d apart, end C is the
top of a hill ; the angles BAC and CBA are o and p respoc-
tively, and AC makes an angle y with the horizontal. Prove
that the height of C @ove Ais

A sin B sin y cosee (= + ).
 Caleulate this'héight when d — 880 yards, « = 20°, § = 58",
y = 4° 16 O\
.\' . Ans, 167 feot.

14. The height of the top of a flagstaff, situated st the odge
of a cliff; above the top of the clifl is & fest, and tho angle
sub\b;ﬁded.by the flagstaff at & boat is «; if the angle of
elovation of the top of the cliff from the boat is B, show that
the heighi of the cliff and the distance of the boat from the
bottom of the cliff in feet are, respectively,

% sin B cos (o + B) cosec w, F cos B cos (a 4 B)cosec o

If ho—34, w==3 &, §=26° 5%, find the height of the

eliff, and the distance of the boat from the foot of the cliff.
Ang, 243 foet, 481 feet.

15. A lighthouse on the edge of & cliff is viewed from a boat.
The angle of elevation of the top of the lighthouse is «. After
the boat has been rowed x yards directly towards the light-
house it is found that the elevations of the top and foot of the

!

o
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lighthouse are § and respectively. If % feet and k feet are

t-?lz heights of the cliff and the lighthouse respeetively, prove
that
(i) h = 3z sin « cos § tan y cosec (§ — a),
(i) & — Sz sin o sin (B — y)sec v coset (B — o).
Tz — 27, o — 33° 18", § = 62° 36/, y = 46° 24, find hand k-
Ans. 44, 37

16. A cliff with a tower on its edge is obgerved from a bosab
at soa, and the slavation of the top of the tower is 18°; after ¢\,
the boat has been Towed a distence of 500 yards towards thel “7/
tower, the elevations of the top and the bottom of the towe;\
are found to be 42° and 39° respeotively. Caloulate the height
of the tower. s\

Ans, 77 feet. 4

17. A porson st sea-level ohserves that the anglelof slevation
of the sumamit of 8 mountain is 32° 42, After'walking a
distance of 350 yards up a road which rung ‘ditectly towards
the mountain, and which rises uniformly,shaking an angle of
5° with the horizontal, he finds that 'thg'.atgle of elevation of
the summit is 36° 48". Find the heighit et the mountain.

_ Ans. 4181 feot:

18. An observer on the shore of lake finds that the angle
of olevation of the summit s mountain on the opposite
shore of the lake is «. He then asconds a mountain railway
which rises uniformly, mpkiny an engle y with the horizontal,
in a direction opposite{e the direction of the summit of the
mountain, tiil he rgqfc’kks a station at a height & above the
Jevel of the lakel The angle of elevation of the summit of
the mountain \th found to be g, If his the height of the
mountain aboye the lake, show that

¥ sin o sin {# -+ y) cosec y cosec (o — B)-
1f o 4T 18, § = 337 36, y = 22°, b = 663 foot, find R,
N\ Ans. 4463 feet.

IQ\From a point A on & level higher than that of the foot

of\ b monument it is found that the angle of elevation of the
,tep of the monument is « A path runs downhill from A in
\Jthe direction of the mmenument to & point B on the same level
) as the foot of the monument, and at B the angle of elevation
of the top of the monument is found to be §. If A is the height
of the monument, z the distance AB, and y the angle made by

BA with the horizontal, prove that

b = sin §sin {x + y) cosec {§ — &)

18z = 42 yal'dS, o = 2:2° 42, p = B4° 18, and y = 13° 30,

find the height of the monument in- feet.
Ans. 11b.

<
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20. From a position P a person finds that the elevation of
the top of a spire iz a. He then walks downhill from P in
& direciion directly away from the spire till he reaches a posi-
tion Q. From this point the elevations of the top of the =pire
and of P are found to boe g and vy respectively. If A is the
height of the spire above P, and d the height of P above Q,

" prove that

d = hsin ysin {& — f) cosec w cosec (B — ¥
B b 150 foct, u =73 36, § =54 42, y =33 12,0
find d. R\
Ans, 76 feet. « M

31. The southern pars of the wall of a oity Tuns dug dastiand
west, and is of uniform height. An observer situgteh on the
plain which lies to the south of the wall finds thot; the elevation
of the part of the wall nearest to him is . Afer walking in
a direction # north of east for a distance d,\he finds that tho
slevation of the part of the wall now :ues{'éét s p. Ifhis the

_height of the wali, show that

{ %

h = dsin 0 sin « sin § coSed (B — ).
T o = 33° 18, f = 74° 4%, § S.45°, d = 56 feet, find the
value of & correct to the nearest foot.
. Ang. 32 feeh.

92, A lightship is at a distatice b miles due south of a point A 3
a laumnch starts from thelightship in a direction 10° east of south,
and ab the end of half an hour alters its course to due vast.
At the end of ano%er’half-hour the bearing of the launch from
A is 31° east.of'south ; find the speed of the launch in miles

per hour. - {°
: Ans. 10-3.

N\

23. Afypoint A, on the sams level aa P, the foot of & vertinal
tower' £Q. the angle of elevation of the top of the tower is o
A$'~?°int B, distant ¢ from A, and such thet the angle PAB
ASN\g; AP subtends an angle y. Prove that the height of the
Jower i3 )

o tan o ¢in y coseo (B + vk

From the date o =9 18, § = 60° a =750 feet and

y = 79° 23", calculate the height of the tower.
Ang. 185 feet.

24, From a point 2000 feet above sea level a speedboat
was ohserved due east, its angle of depression being 8° 12",
Trom the same point, 1 minote 30 seconds later, the hoat wias
observed 15° south of east, its angle of depression being 11° 4.
Asgsuming that & straight course ‘was steered, find the direction
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of the eourse, and, in miles per hour, the average gpeed of the
bost between the times of ohservation. _
~ Ans. 98° 53’ south of west ; 393 miles per hour.

5. From a fized station § three observations are taken, ab
equal intervals, of the bearing of & ship steaming at uniform
speed in a straight course: 3t these bearings are, in order,
= north of east, duo east, and § south of east, and the direction
of the ghip’s course is 8 south of east, prove thab

tan P = 2 sin o sin § cosec {2 — B)

If « — 37° 20’ and p = 26° 45, calculate 8. N

Ans. ©69° 8. « N

26. ¥rom a ship which is sailing due south to north a
mountain-top is seen in & direction 8 degrees north /ot west,
and she angle of levation is found to be . When, fhe surnmit
is due west its angle of elovation is found to be £ Af b is the
heigt. . of the mountain and d the distance hab, the ship has
sailed between the two ohservations, show

(i} cos & = tan o cot §, (i) Rzl ban B cob 8.
It 4 = 2750 yards, @ = 14° 12/, ga=\1b° 86, find 0 and %
Ans, 44° 43, 2067 feet.

97. Two straight roads ABC and AX intersect at an angle
CAX = p; two houses are sitiated at B and G, and AB ==
feet, BC =y feet. A manvwalking along AX ohserves the
angle subtended by BC, and finds that it is greatest at & certain
point T in AX-: provésthat the circle through B, Cand P
touches AX at P, anddeduce that, if /BPC = o, -

Lo oosrd{e B _cos iz —B)
mZaSimy s WA ek b A

9. A fagdiafl of height A stends on top of a tower, and
subtends {ah angle o ab. all points on the horizontal plane
he foot of the tower which are distant either a or b

QO h = (@ + b} tan &

2359, Four points A, B, C, D lie in a torizontal plane ; A and
(VB aro 300 yards apart, and by measurement it ig found that

\ ™

/UBA = 43° 40 ; /BAC = 110° 16°; /DBA = 92° 19073
ZBAD = 48° 1. Calculate the length of CD- :
Ans. 1449 feet.

30. From A, B, points of observagion 100 yards apart in 2
horizontal plone, the following angles 8T€ obt:_a.med by measure-
ment, the points G, 1 being in the same horizontsl plane with
A, B: L BAC = 118° 18; £ CBA = 41° 36°; £BAD=
§O° 487; LDBA= 92° 18" Caloulate the length of CD.

Ang, 602 feet. .
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91. A and B are two stations 1200 feet apart ; P and Q are
two points in a plane through AB and on the same side of AB.
With the following data calculate FA, QA, PB, QB, PG:
JPAB = 13° 27 ; LABP =31° 1¢'; ~QAB =42° 11';
ZABQ = 87° 10",

Ans, 643 feet, 1550 fest, 1189 fost, 1042 feet, 1054 feet.

22. A and B are two signalling stations, A being 20 miles
due north of B. At & certain instant a ship is observed bearing

58 48’ cast of south from A and 77° 28" eagt of north from T\

An hour Jater the ship bears due east from A and 31° 17 galgts
of morth from B. Calculate the: distance of the ship frofo 3A
at cach of the instants of cbservation, the specd of tha ghip
and the direction of its ecourse. A
Ans, 282 mijes, 12-2 miles, 189 miles per hour{ 39° 22°
west of north. 'S

33. At a point A the bearing of P is 272 200ahd the bearing
of R is 66° 45'. On moving a distance ef\35 miles to B i
& direction whose bearing is 84° 12’, the kedring of P is 315° 28
and the bearing of R is 16° 5, Find\iymiles the distances of
R from A and from P. [Each bearhig'izs measured from the
north clockwise.} o\ o
Ans, 35"3; 204,

34. Two inaccessible poigtd P and Q are observed from two
stations, the second of which%is 300 yards due east of the first.
Trom-the frst station R bears duwe north and ) 40° east of
north. From the sgéond station P bears 55° west of norti
and @ 20” oast of north. Find the distances of @ east and
north of P, and the-bearing of Q as seen from P.

Ang. 888 yards, 702 yards, 38° 30° north of cast.

35. A pofat A lies 800 yards due north of a point B, The
point B.bedrs 56° 17° west of gouth from A, and 72° 20° west
of soufl from 1. The point Q iz due east of P, and bears
25983} east of south from A. Find the distances AP and
PONEnd the bearing of Q from B.

3" Ans. 2600 yards, 8317 yards, 29° 5% gouth of cast.
PR \ 36. A and B are two peints on ane bank of a river, and B
V™ and Q are two points on the opposite bank, such that FQ and
AT are parallel and in the same sense. If AB = a, LPAQ=ua,
LQAB = 8, and £ZABP =y, prove that
PQ = e sin « gin y cosec B cosec (o 4+ £+ »)

Calculate PQ when « = 35° 22/, § = 24° 7', y = 45° 40’ and

a = 200 feet., Find also the width of the river.
Ans. 210 feet, 128 fect.

\
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37. A, B, C are sny points on & directed line and F is a
point n‘ot on 1_3he line. If AP, BF, P make angles o, B ¥
respectively with the positive direction of the line, show thab

BCcotn:—t-CAcot,B-l—ABcot.y:O.

Trom a ship steaming due east at uniform speed a light-
house is observed on & Dearing of 27° 13 south of east. An
hour later the beering of the lighthouss is 52° 29° south of
east. What will the bearing of the lighthouse be after two
‘hours further gteaming ? )

. w..32° 14’ 8. )

58, A ship steaming ab miles per bour in & directioh.
g, 25° B, is due west of & lighthouse at neor. At 12.20 pandit
i due south of the lighthouse. What is its bearing from the
lighthouse at 12.50 p.Ju. 7 How far is the ghip, from the
lighthouse ab this time if m = 127 0 )

‘Ans. 8.22°47 B, §-9 miles,

39, A person on & ghip sailing north seed %o lighthounses,
which are 14 miles apart, in a line due wesk ;vafter two hours
gailing oné of them bears 8. 22° W. andithgiother 8, 47° 15" W,
Find the ship’s rate. ' .\

: Ans., 10-3 mileg per hour.

40. From the deck of & stemper two lighthouses, whose
distance apert is known to-beb-8 miles, are geen in the direc-
gions N. 37° B, snd N. g2° W, The steamer sails due north
until the lighthouses are sbserved to be in line, in the direction
8. 49° B, If the steatll T.as been sailing for 1 hour 20 minutes
between the obsen@ﬁions,\ find its speed in miles per hour.

_ _ \ Ans. 127,

41, From ghip steaming in & south-easterly direction ab
the rate of 21 miles an hour, a lighthouse is observed at noon
bearing Sn20° 40 T, Hali an hour later the lighthouse is
ahserved b0 bear S. g5° 16" W. At what time will the ship be
&b i%eshortest -distence from the lighthouse, and what will
that:distance be ?

AN ‘Ans. 12 hours 36 minutes p.t 5-8 miles.

N\ 42, From & ship whose course 15 W. 30° 8. two lighthouses
& miles apart are seen in a line due west. Twenty-five minutes
later one of them hears 2. 31° E. and the other N.63°W. Find
the speed of the ghip in miles per “"hour.

' Ans, 112

43. Two steamers A and B sail from two pointz P and @,

regpectively, which are 12 miles apart, P being due north of Q.

A’s course is due onat, B's 18 40° to -the north' of cast. I the
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stesmers start simultaneously at midday, and have the s..na
speed, 8 miles per hour, find :

(i) their distance apart abt 1.30 p.m. ;
(i) the time at which they will be nearest to each other ;
(iii} the distenee which will then separate them.

Ans. (i) 5-1miles, (ii} 2hours 4 minutes p.m.,, (iii) 41 miles.

44, A coastguard station B is 10 milos due east of anotha )\
station A. At noon a ship is observed 8. 30° W, from A ahd
8. 85° W. from B. The ship is heading duc east, but a current
is flowing in & direction 8. 60° W,, so that, aftcr tsgonhours,
the ship bears 8. 60° E. from A snd 8. 20° E. frorsld “Find
{i) the distance between the two positions of the ghip, (i} the
actual epecd of the ship through the water, O

Ans. {i) 18-4 miles, (ii} 2-0 miles pexrkour.

45. A cruiser A, whose speed is 25 mileg.pb\r ‘hour, learns that
an enemy ship B distant 25 miles in a\direction due cast is
steamning N. 30° E. at 20 miles pet\iqur. The range of A’s
guns is 10 miles. Find the sourge\A should steer to get B
within range as quickly as possihla,*and the time it will take
to achisve this. N\

Ans. E. 42° 51_ N3 1 hour 52 minutes.

48. To determine the hsight of a hill & base line AB = 1250
feot is measured in a direction . 33° 12’ N. From B the sum-
mit bears N. 48° 12(VE), and has an elevation of 187 4", From
A the summit bé’e{&N. 20° 15’ ¥. Find the height of the hill.

\ Ans. 261 feet,

47. Bisthefoot of a verticel pole AB. From U, a point due
gouth of B i the seme horizontal plane, the angle of olevation
of the thpA is =. A man starts feom € and welks in the diree-
tion,_§ 885t of north to a point D, where CI) is equal to m yards.
Theangle of elevation of A from D is observed 0 be g Bhow
that if ¢ is the angle BDC, then sin ¢ == sin @ cot « tun 8, and

lte height of the pole is m sin § tan g cosee {§ + ¢) yards.
N\ Given that « = 8° 107, B = 7° 80, ¢ = 72° 1§, m = 360,
> find the height of the pols. .
Ans. 61-9 yards.

48, UD is & vertical mast. A and I3 are points on tho hori-
zontal plane through C, the foot of CD, A besring due wesb
from C and B bearing due south from (. The elevation of D
from A is 28°, and from B is 32°, and AB is 123 fect in length.
Find the height of CD.

Ans. 498 feet.
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49, A point P, whose projection on & horizental plane is Q,
i ohserved from points A, B on the horizontel plane, 1255
yards apart. If the angle AQD is 29° 30, and if the angles
of elevation of P at A and B are 12° 16 and 10° 63’ respectively,
calculate the height of QF.

Ana. 627 yards.

50. From three points A, B and C on a straight level road
the angles of elevation of a hilltop are 6, § and & respectively.
1t AB = BC = 800 feet, prove that the height of the hill is oA

800 . y/2.sinfsing oo, O
JEm(+ Hsm —
Caleunlate the height when 8 = 16° 38 and ¢ == 13°,245
Ans. 448 feeb. A\

51. Two mutually perpendieular straight lines L:)A:B, OP4,
drawn from a point O outside & given circle, oub the circle in
A, Band P, Q respoctively. Prove that o’;'\

. PQ=acoa(a+ﬂ)coaeq(xn;-ﬁ),
where LPAOD = o, LPBO = Ba:nd AB =a.
The angles of alevation of the top’:o{ a tower from two points
A and B, due gouth of the tower'and 189 foat apart, are 48° 15
and 39° 48", A vertical fagstafl on the tower subtends aqual
angles ot A and B. Calculata the length of the flagatatf.

43-8 feet.

52. An aeroplaney le neen fiying mnorth-west at a untform
dissance from the and. An observer finds that when it ia
geen in & directich B eaat of north.ita elovation iz &, and when it
is seon ¢ WE \t of north, it elovation is f Show that

't@ﬁ(aoaﬂ t gin §) = tan « (cos ¢ — gin ¢)
N\& .

e ) )

. .
h
N/ '
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CHA_PTER X11
PROPERTIES OF QUADBILATERALS

§1. Notation

Ler the quadrilateral A'B'GD\
e (Fig. 1} be convex, CThe
magnitides of the anglea at
A, B, C and D arg dettoted by
A,B,Cand D, a.n(}d\:he lengths
of the sides ABYBC, CD, DA
by @, b, .00 d respectively.
The len tHa of the diagonals
AC and D are denoted by
. ‘ ® 'th %, the area enclosed by
C < D thes quadnlater&l by 8, and
Fre. L. fl:he seyni-perimetor by 8, s0

X othat 2% —=a-+bte-td

§2, {Area of & Quadrilateral

IfA4C =\2£;~€hen
§2 = (s @) (6 — b) (6 — ©) (s — ) —abed coser . (1)
For {Eig' 1)

y'”\— a® + d2 — 2ad cos A = b2 -} ¢ — 2bc cos C.,

s& hat .
\ 2ad cos A — beeos C) = a® + 42 — b2 ~
-~ "“\ Alﬂo since the area of the quadrilateral is the sum of the
\ V™ areas of the triangles ABD and CDB
2(ad sin A + besin C) = 48,
Now square and add corresponding sides of thesc two
equations, and get _ .
d(atd? 4 b%* — 2abed cos 2o1)
= 1682 4 (a® 4 4% — b® — &%,
194
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or
4(ad + bey* — 16abed cos® o
= 1682 4- (a® 4+ 4 — b2 — c?)2.
Hence
1852 == {2(ad - be) +- (@® + d* — b2 — B}
X {2{ad 4 bo) — (@® + &* — b2 — c?)} — l6abed cos® «
={@a+d— (b —B{b+ o —l—d% \)
~ 16abod cos* &)
=@4d+b—0al@+d—b+0 N
X bteta—d)d +e—atdy-— lﬁwbcd:coaﬂa
=16(s —¢) (s — D) (s — d) (s —a) — 16abed ¢os
which gives formula (1). \
CoroLrary—If ABCD s & cyclig\\quadrilateral,
A 4+ C=180° and cos « =0, s0 thaj:»x\"
S—yis—a—bESP—dt . @
Eupression for the Area in Termadf the Diagonals and an
Included Angle—Let the diagonals AC and BD (Fig. 1)
intersect in K, and let degfijsé the angle AKB: then

8= Lay sin . . . - 3
TFor . ,imt\
AKAB + AKBO=$AK . BK sin ¢ + §BK. KO sin ¢
(N =jx.BKsing,
and \ }
AKCOD 4 AKDA = }KC . KD sin ¢ + KD AK sin ¢
Q" =3z . KDsin 4.

Fiefide, on addition
— 12 (BK + KD) sin ¢ = foy sin 4.

C \ Bgpression for the Area in Terms of the Sides and
Diagonals.—The law of cosines, when applied to the

triangies KAB, KBC, KCD, KDA, gives
2 AK . BK cos ¢ = AK® + BE: — a?,
2 BK . KCcos ¢ = b2 — BK* — K3,
2 KC. KD cos ¢ = KC? 4 KD? — ¢t
2KD.AK cos ¢ = d® — KD? — AK%
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Hence, on addition,
Qxycos ¢ = — a? + b2 — ¢* L d, - 4
But, from (3),
2y 3in ¢ = 48,

If corresponding sides of these two equations arc squared

and added, they give p
do?y? = 1682 - (— a2 4 b — 2 L d7)3, £\

whence 8 = 14/{da%® — (0? — b + ¢ — d¥)?*} 4 M5

& '.‘

Bxample 1.—By eliminating 3 between (1) a.m{(\lj), prove
that

%t = ae? + bd? — 2abed cos 2ad v
Ewample 2.—From (3) and (4) deduce that™’
B =4—at b —¢ +.d&)‘ﬁan #.

§ 3. Diagonals of a Gychc Qua,drliateral
From the triangles ABC a.n‘d.ODA (Fig. 1).
w*—a2+b“ — 2ab cos B,
and 22 = 62\ d2 — 2ed cos D.

A\
Baut, if the q{e@rﬂatera] is oyelic, cos D = —cos B

henes

:c*(cd 2 ab) = {a® + b%ed + (0® - d¥)ab

\< = {gc + bd){ad 1 be).
" (ac + bd)(ad + be)
g _ - L L]
Th\e!if;re ¥ @ ol (6)
R\ . (ab + ed)(ac + bd)
~Bimilarly Y= (@d + o) .

It follows, on muitiplying corresponding sides of these
equations and taking the square roots of the products,
that

xy = ac + bd . B . (7
This formula gives the theorem ~1n geometry known as
Ptolemifs Theorem.

L
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Example 1.—Sh shat 2= 22 E
ample ow that - = 5o

Example 2.—Deduce Ptolemy’s Theorem from § 9, Example 1.

§4. Radins of the Circum-circle of a Cyclic Quadrilateral
On applying the formula 4R A = abe to the triangles
ABC and ACD (Fig. 1) it is found that
4R x AABC = abz, \
and AR X AACD =cds.
Hence, by addition, : O
4RS — (ab + odjz = v/{(ab -+ od) (@e + bd) tad + B
8o that : R O
_ (ab + ed)lac + bd)(ad + bc)}’ )
R4y (= =6~ a6 = ©)

" §5. Formulee for the Angles of a Gyclib Quadrilateral
From triangles ABD and BCD we find ‘that
: 9ad cos A = o B — ¥

“and 2be cos € = ISP & — ¥
Henoce, on subtraction, ginéé ‘ooz O = — cos A,
2(ad -+ bc) 0{8'1& =g — b=+ d
oit:’a’——bﬂ—c‘-i—dg 0
or 0{03\2&= 5(ad ¥ b0) . .9

Again, the sateds of the trianglos ABD and BCD are
lad sin A and’ ibcsin C.  Hence, on adding, since

gin C ;‘@A,
\\ / 8 = }{ad - be) gin A,
28 . 28 -
89 tvh&tr gin A == m . . . (10)

- '_Again, from the forrﬁﬁla .
2{ad-+bc}coaA=q2_.bﬂ._oz+da,

it follows that
4{ad + bo) cos? §A=2{ad+ be) (1 4- cos A)
:2{ad+bc)+a“—b*——c’+d’
—(atdp—(—9"
'=(a+d+b—-o)(a+d~—b+c}.
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Thus oos 3A = \{{‘3 ;;’)Jr*bc“")}. .1y

Similarly
4{ad + be) sin? A = 2(ad -+ be) (1 - cos A)
{a;d 1 be) — (a — bt — ¢ L %)
(b + ¢)* — (8 —d)*
bteta—dbtc—a+d). O\
Therefore gin JA = \X{{s - _*(_Sb: a)} R iﬁQ} ’
Hence, from (11} and (12}, ¢

tan JA = \/{(z:‘gg:‘%} . 3

Example.—Bhow that 92\
(s — b) tan JA = (s —d)bamg,{B

I\

il I?!

nd
<

§ 6. Quadrilateral Olreumscnbed to a Circle

If a circle can be lnscrlbed in the quadrilateral ABCD
(Flg 2)) N
a+c~b+d . . . {14
For, if P, Q, R, Sare the points of contact of AB, BC, €D,
DA with the msbx\bed circle,
(i = AP + PB = SA"+ BQ,
and AN ¢=CR + RD = QC 4 D8S.
Therefd® @ -+ ¢ = (BQ -+ QO) -+ (DS + SA) = b + d.
Cg(werse]y, if ¢ 4 ¢ =256 4 d, a circle can be inscribed
Ln o quadrilateral.
AN \ If, as in Fig. 8, @ < b, cut off BE from BC equal to AB.

Then, since at+e=05b-44d
e = RC - d,
8o that d << ¢. From DC cut off DF equal to DA. Then
OF = EC.

Now join AE, EF and FA. Sinee the triangles BEA,
CFE and DAF are isosceles, the bisectors of the angles B,
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O and D bisect AR, EF and FA at right angles. Con-
sequently they intersect in the circum-gentre 1 of the triangle
AEF. But Iie equidistant from AB, BC, €D and DA.
Hence a circle can be drawn with T as centre to touch the

sides of the quadrilateral ABCD.
A

# i:‘
F;q.\%\ .

Avea of @ Quadnilateral.—From (1)
g —a s —b 6 — ¢) (s — d) — abed cos® a
o = A 4+ C)

whefo)”
.?’gﬂ:, since -a.+c=—-b+d,

N B g—=a+e=b+d
() Hence :
- =0 s—b=d, g—c==6 s—d=~>0 (15)
g0 that S*=aqu-—abcdcusﬂm
' —= ghed sin? &.
Therefore § = 4/(abed) sin & (16}

In particular, if the quadrilateral is cyclic, @ = 80° and
§ = Jlgbedy - - - @0
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" Badius of the Inscribed Cirele.—Tf 1 {Fig. 2) is the centre
and r the radius of the inscribed circle,
8 = AIAB 4+ AIBC 4 AICD + AIDA
= Llra + b + fre 4 drd =1,

and therefore r=- . . . . {18)
& A\
¢\

Erample 1.—If a eircle can be inscribed in the cychc cpmd-
rilateral ABCD, show that G

tan JA — \/ 7\
\\

Erample 2.—I1f the quadml&beral ABCD s mcmbed in a
circle of radius R, and circumscribed to a eivtle of radius r,

show that \\.
(i) e + c)" = abed, \
(i) 16R" abed = (ab + ed)(@¢ F bd){ad + bo).
EXAMPL’BS XII:

1. The sides of a quadrﬂa‘tm‘al taken in order, are of lengths
3, 2, 2, 1, and the angle between the first two is 60°. Show
that the quadrilateral js cyelic, and thas R = 14/{21).

2. In formulms ( 9){13\(13j for the cyclic quadrilateral lot ¢ — ©
and deduce corr ondmg formulse for the triangle ABC.

. 3. The sided\ and CD of the cyclic quadrilatersl ABCD
are produced, ’!:o’meet in P. Bhow that

AN _ abdxy
o e
I B\ ana DA meet in Q, deduce that
" : PQ* = (ad + be)ab + cd){{bs —dEye + @ iocs)a}

[Note.—It can be proved geometrically that
PQ* =PA.PB 4 QB . QG
4, Ti the diagonals of a cychc quadrilateral ABCD intersect
in K, show that

adx
AR = T+
and deduce thait
AK . KG — _ bod(ac -+ bd)

(@b + cd¥ad + bey
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5. With the notation of the previous example, prove that
the distance from the centre of the circle to X is
R
W_FG)[(“ + bd){ac(bt — d*) + bd(a* — P}t
[Note.—If O ix the centre, OK* = R: — AR .KC(C.]
6. Show that, for the eyelic quadrilateral ABCD,

_pid—a—d _ [fle—bfe—d) \
cos ¢ Sao 750 ¥ \’{{8—&){3-0)'.<\“.\

where ¢ is one of the angles between the diagonals. . \

7. Show that, in a oyelic quadrilatéral ABCD, N

an § = 48 (ad -+ bojab + al)C

(b= — d*)a® — ¢} ac + b )"’
where 4 is one of the angles betweernt the sbraight- lines joining
the mid-points of the opposite sides. INY

[Apply (3) and (4) to the paralielogram, whose vertices are
the mid-pointz of the gidos of the sguadrilateral, snd then
make use of (6).] QO

8. If K, L, M are the points of fntorsection of the diagonals
of a quadritateral ABCD ingcéribed in a circle, show that
the area of the triangle KLM.s to the area of the quadrilateral
in the ratio daibicid : | (ab* e cid)(bler — da') | .

9. A quadrilateral ABCI) is circumseribed to & circle : show
that : £ )
AB sif 34 %in §B == OD sin §Csin §D.

10. If & cip;:lé cen he inseribed in the quad:ilat-aral ABCD,
ghow that ("

A 8 = oyt — (ac — b
11. Ahow that, if the quadrilateral ABCD can be ecircum.
scri)%@—ﬁo a oirols,
I\ ad sin® 3A = bo sin® §C.
N 12. A cyclic quadrilateral ABCD is such that & circle can be
“\Winseribed in it ; prove that
N cos A = (ad — be}/(ad + be)-

. 13. A polygon of 2n gides, n of which are equal to @, and n
equal to b, is 7 seribed in & eircle ; show thab the radius of the

gircle is .
Ly/(a* + 2abeos o + bﬂ).cosec;’:.



INDEX

Ter NumpEss BefFER TO THE PAGHS

Amscissa, 16.
Addition of angles, 2.
Addition theorems, 83, 88, g0,
124, 135, 14L,
Angles, 1. -
addition of, 2.
hetween directed lines, T2.
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Fundamental identity, the, 22

Fundamental roots of the
standard linear equation, 117.
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6
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‘Horigon, dip of, 182,

distance of, 182.
Hyszlop, Dr. James, 34

IDENTITIES, 23, 40,
involving three angles whose
sum is two right angles, 98,
Identity, the fundamental, 22.
Tnaecesgiblo objects, distance be-
tween, 176,
Tofinity, sum to, 104.
Tnscribed cirele, 127, 136, 198,
200.
Tnverse cireular functions, 57.
eddition formule in ferms of,
88, 89, 90.
graphs of, 58,
principal values of, 59,

Larrrone, 11
parsllels of, 12.
Law of eosines, 127, 131.
of sines, 127, 120.
Length of an are, 4.
of n circle, 7.
Limit of a sequence, 4.
Line, bage, 172,



3 ¥ of the inverse &

INDEX

Linear equation, the gtandard (see
uwnder Equation, the standard
linear). '

Linear function, k4.
graph of, 113
haxima and minima of, 114.

Lines, directod ({see under
Directed lines).

Lines, equations of, 17, 18

Longitude, 11 :

McoWaaN, DR, JOEN, 120.
Many-valued functions, 57,
Maxdma and rainima, 52,
Menn differences, 26.
Maoasurement of angles, 3, 6, 7.
Meridian, 11.

Minutes, 3.

ultiplication formule, 90.

' Naprer's tangent formula, 138,

139.
Nine-point cirele, 140.
Notation, for quadrﬂataral, 194.
for triangle, 127,

¢

OrDINATE, 16. ¢
Origin, 16. N
Orthocentre of 2 ¢riangle, 140.°
Orthogonal prejection, ’KS

a, 6. ¢\

B avallel linies, direbtions of, 74-

Parallels of latitude, 12, ‘

Podal triangie, 134, 136, 140.

Periodicityhof /the eircular fune-

tionsy M2, 56.
Points,of the compass, 9.
rdinai, 9.

Polygon, projection of, T7.

Principal value, of 2 function, 5T.
ircular func-

gions, 59,

Products exprossed as sums and

differences, 97-- .
Projection, orthogonal, 73.
axie of, 73.
Ptolomy’d theorem, 196,

QUADRANTS, 17, 20.

Quadrilateral, 194.
ares of, 184
notation for, 104,

205

Quadrilateral ciroumseribed  to
g circle, 198. -
area of, 199.
radius of inseribed circle of, 200.

| Quadzilateral, cyeic, 195-

area of, 195.
diagonals of, 186.
formuls for angles of, 197, 198.
Ptolemy’s theorer for, 196.
radius of cireumecircle of, 197.
RADIAN, 6 T -
Radii of eircumseribed, inscribed
and escribed circlesn 156,
197, 200. N\
notation for, 127. &
Radius vector, 1, 1. AN
Ratio, of arc to radius, 4, 6, 7.
of ci:cum.far{:ce o dinmater, 6.

Rectangulay’ grdinates, 17.

Recurringseries, 104.

Reiated gles, cireular fune-
tiohsof, 30.

Relation betwoen ciccular and

| #exagesimel rneasure,

Relation, scale of, 105.

| Roots, fundamentsl, 117.

Soare of relation, 1006,
Secant, 18
graph of, 54
Seconds, 3.
Sector of & circle, ared of, 8.
Segment of & circls, area of, 65.
Serni-perimeter, of & quadri-
lateral, 194,
of a triangle, 127
Hequence, 4.
Geries, 0f cosines and gines of
angles in arithmetical pro-
Erossion, 78, 101.

recurring, 10%.

sum bo infinity of, 104.
Sexngesimal systent, 3,7
Hides, of & quadrﬂateral, 194
of a triangle, 127.

relatione between angles and,

127.
Sign of an angle, 1.
Sine, 18.
addition formula for, 84, 89,

difference formula for, 86.
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Sine, duplieation formuls for, 86. | Tangent, difference formula for,
graph of, 52. 85,

multiplication formula for, 90.] duplication formula for, 86.
triplication formuls for, 88. graph of, 53.

Sines, law of, 127, 129, multiplication formula for, 90.

Solution of equations (see under | Tangent formula, Napier’s, 185,
Equations). 139.

Solution of triangles, 155. Transformations of products and
arrangeraent  of calculations, gums, 97.

155. Traverses, T9. Ko &
one angle right;, 156, Triangle, 127. ¢
one sids and two angles given, area of, 134, U

- 161, circular functions _of half-
the ambiguous case, 163, angles of, 132, 138, )
three sides given, 157. Napier's tangent fomnula for,
two sides and angle oppesite 138, 189, 0\ "

one of them givon, 162. nine-point cigfle of, 140.
two sides and included angle| notation for,\'27.

given, 159. orthocentre of, 140.

Standard linear equation, the {see | pedal, 134; 136, 1440.
under Equation, the standard | Telatiq betweon sides and

Hnear). Dahgles of, 127. :
Subsidiary angle, 114, 118, 118, | Triangles, solution of (see under
Bum teo infinity, 104, s Bolution of triangles).

Summation of series, 101, 103. _{"Turning points, 52.

Sums expressed a8 products, 9.3} Turning valucs, 114
TaBLEs, use of, 26. 8" | VerivicaTions, geometrical, of
Tangent, 18. x4 solutione of linear egualions,
eddition formuls gqrg\SS, £9, 120, 121,

K™
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